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Abstract 
Three aspects of the rotational history of the minor planets are considered - taxonomy, mathematical 
Inodc1ling and observation. 
Following an introductory review of the basic characteristics and formation, the classification of 
asteroids is critically assessed and a new scheme based on the spectral characteristics is formulated 
using numerical taxonomy. It is noted that the asteroids within the basic S-type of other taxonomies 
can be distributed as two separate zones. the archetypal Juno-type S are found in the middle and outer 
parts of the main belt whilst a discrete Flora-type S class predominates in the inner portion of the 
main belt. The groups appear to be two easily distinguishable types probably representing 
compositional differences. The observed distribution of spin rates for different classes, and hence 
different surface compositions, is considered. 
The collision evolution of the spin rates and spin axis orientations has been considered using a new 
model derived in this work. From this simple model the rotation geometry of precessing bodies can 
be derived and consideration of the nucleus of Comet Malley suggests that its spin axis is not 
aligned with any of the geometrical principal axes. Consideration of the geometry of rotation of 1220 
Crocus suggests that it might be a binary asteroid. It is found that a random spin axis orientation for 
the asteroid belt would be expected to be consistent with the observed spin rate distnýution. 
Using the model and the equilibrium shapes of asteroids, calculations have been carried out to 
investigate the observability of free-precession of asteroids in terms of the maximum light curve 
amplitude due to free-precession. This shows that only large displacements of the angular velocity 
vector from the angular momentum vector would produce an amplitude sufficiently great to be 
detectable. Using a particle in a box model the ýxpccted number of examples of frce-prcccssion for 
different sizes of asteroid in the main visible at this time is estimated. 
New observational data measured as part of this work is presented and analYsed. Rotational light 
curves are examined to determine spin characteristics and whether complex rotations can be seen. As 
an example new data for 8 Flora has been obtained and, when combined with the digitised 
information from the international database, has allowed a new model for the shape and variegation to 
be Proposed by combining the data measured as part of this project with the international data set. 
From this evidence it is clear that there is no evidence of ftee precession arising from collisions 
amongst asteroids in the recent past. In particular it is noted that a shortage of data constrains the 
accuracy of statistical data and many more quality measurements will be needed before a satisfactory 
picture of the evolution of minor planets can be presented. 
Frontispiece - Asteroid Images of 243 Ida and the smaller 951 Gaspra from the Galhlco Nfission. 
The images arc combined on a single picture to die correct relative scale. 
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1. Review of the Basic Characteristics of Minor Planets 
Flistorical Review 
I Discoveries 
Prior to the introduction of the telescope the Solar System was thought to consist only of the seven 
bodies then known, namely the Sun, Moon, Mercury, Venus, Mars, Jupiter and Saturn. Since the 
time of Aristotle, the comets had been dismissed as "earthly exhalations" (see for example Whipple 
1986). The first suggestion, at least in modem times, that there might be more bodies to be found in 
the Sun! s family, appears to have been made by Kepler in 11 "Mysterium Cosmographicum" (Kepler 
1595). Though he noted the large distance between Mars and Jupiter and that it could bontain a planet 
he did not develop this idea further, perhaps because it would have introduced a difficulty into his 
theory of the construction of the Solar System. The discovery of four satellites of Jupiter by Galileo in 
1610 was the first direct evidence of additional bodies in the Solar System. 
An arithmetical relationship between the distances of the planets from the Sun was formulated by J. D. 
Tieze and inserted in the text of his German translation of Bonnet's "Contemplation de Nature" 
(Titius 1766). This relationship is a series predicting the semi-major axis of a plancfs orbit in terms 
of that of the Earth. A gap in the sequence was found between Mars and Jupiter and the distances of 
any undiscovered planets exterior to Saturn were predicted. Johann Elert Bode (Bode 1772) 
popularised -this formula and it became known as Bode's Law. The success of this Law was 
demonstrated in 1781 with the discovery of a planet, Uranus, by Herschel. It was initially announced 
as a comet (Herschel 1781), but was later confmed as a planet - the first ever discovered as those 
already known were recognised from antiquity. This intensified the belief in a missing planet between 
Mars and Jupiter and so the scene was set for Piazzi to discover I Ceres on the night of 1801 January 
Ist (Piazzi 1802). It was found to orbit between Mars and Jupiter virtually in the place predicted by 
the Titius-Bode Law. There is a popular view that 1 Ceres was recovered by Olbcrs and von Zach on 
the f= anniversary of its discovery (see for example Nieto 1972 or Ley 1963). In fact von Zach 
recovered it earlier - on 1801 December 7th (von Zach 1802 (i), (ii), (iii) and (iv) and Anon 1802). 
Three additional bodies (2 Pallas, 3 Juno and 4 Vesta) were discovered by March 1807. 
The new planets were all faint and aroused speculation about their nature since they showeý 
differences from both the major planets and the comets. Herschel (1802), using his "lucid disk 
micrometer", derived a value of 161.6 miles (259km) for the diameter of I Ceres and 147 miles 
(235km) for the diameter of 2 Pallas. In this method Herschel positioned a small disk of known 
diameter, illuminated by a lantern, at a known distance from the telescope. He then "threw the image 
of Mr Piazzi's star, seen in a 7-feet reflector, very near it, in order to have the projected picture of the 
star and the lucid disk side by side He compared the apparcrýt sizes of the two images and 
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deduced its size. He repeated the process with 2 Pallas and concluded that 1 Ceres and 2 Pallas were 
different from the known classes of Solar System body and, from their appearance, he coined the new 
name ASTEROID. 
Sir Robert Ball (1901) admitted "of the physical conditions of the asteroids and of the character of 
their surfaces we are entirely ignorant". However the discovery of 433 Eros, by Witt in Berlin in 
1898, attracted attention as it was the first asteroid to be discovered that did not stay between the 
orbits of Mars and Jupiter. Von Oppol= (1901) noted that the apparent brightness of 433 Eros 
varied with a period of a few hours. This discovery prompted a special study of the asteroids at 
Harvard which revealed that 7 Iris was variable with an i; 
ýtimated period of six hours and thirteen 
minutes (the currently accepted period is just over seven hours) and that 15 Eunornia was also 
variable with a period of just over 6 hours (Ilompson 1905). A key paper was published by Russell 
(1906) which discussed possible causes of such light variations (binary asteroids, elongated shape, or 
else albedo variations across the surface) on the assumption that they were caused by rotation of the 
asteroid. He considered the light curves from a mathematical viewpoint and concluded that all these 
causes could produce similarly shaped light curves which would be indistinguishable. He further 
concluded that there would be an infinite number of solutions of shape that would fit an observed light 
curve. 
The problems addressed by Russell are still unsolved despite the great increase in data and 
improvements in techniques. They form the subject of this Nvork. 
1.1.2 Recent Studies 
The asteroids have not been the subject of intense research until recent years. On the contrary, they 
were considered a nuisance by many astronomers as their trails frequently "spoilt" survey plates. 
Many of the discoveries were not followed up and the minor planets were lost. There has been a 
major cffort recently to recover the missing bodies and only one, 719 Albert, remains lost. 
Detailed observational studies began in 1949 when Kuipcr and his team applied the then relatively 
new technique of photoelectric photometry to follow the brightness changes of asteroids. Th ,e 
increased precision of measurement enabled more asteroids to be studied without the bias errors 
inherent in visual observation. To complement this work, analytical methods have been developed to 
extract data about the physical conditions of the bodies namely rotation rates, surface structure and 
polar orientation. Roughly in parallel to these observations theoretical studies of the formation and 
evolution of the asteroids system began. 
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The first serious attempt to summarise the state of knowledge about the asteroids was the NASA 
publication "Physical Studies of the Minor Planets" (commonly known as "Asteroids 0"). Two state of 
the art books have since been published in the Arizona Space Science series, "Asteroids" edited by 
Gehrcls and Matthews (1979) and "Asteroids H" edited by Binzel, Gehrels and Matthews (1989). 
These have provided the starting point for many studies of the minor plancts. 
The Galileo probe to Jupiter encountered 951 Gaspra in 1991 providing the first close up view of an 
asteroid and has since imaged 243 Ida. Several asteroid encounter missions have been proposed 
though most have been cut owing to economy measures. However ESA has taken a decision to 
concentrate on their own specific mission to multiple encounters of comets and asteroids starting in 
the late 1990s, this mission is known as ROSETTA (Schwehm, and Hechler 1994). The success of the 
Infra-Red Astronomical Satellite (IRAS) has demonstrated the great potential for carrying out remote 
sensing of solar system objects from above the EartWs atmosphere. The Hubble Space Telescope 
(HST) may in due course Provide data provided sufficient time can be made available. However the 
success of the repair mission is likely to mean that much of its future observing time will concentrate 
on deep space imaging. 
1.2 Distribution and Orbital Dynamics 
The minor planets appear starlike and are identified by their motion through the background star 
fields. A description of the search and identification procedure for discovering new asteroids is given 
by Taff (1984). Nearly 6000 have sufficiently well-determined orbits to be recovered at subsequent 
oppositions and have been allocated numbers, At any given instant they are distributed at all 
longitudes - as is illustrated by the longitude of the first 5405 on 1994 September 5.0 shown in Figure 
1.1. Perhaps twice- as many have preliminary orbits calculated (Marsden 1986 (i)) so that 
approximately 18000 are known. 
All the known minor planets follow orbits that are prograde and of a relatively low inclination, see 
Figure 1.2. The vast majority have inclinations of less than 200. The extreme value known is 2102 
Tantalus with an inclination of 64". The ma ority of the orbits have a low eccentricity and this is j 
illustrated by Figure 1.3 where eccentricity is plotted versus semi-major axis. The orbits of asteroids 
appear to be governed solely by gravitational forces, unlike those of comets where the evolution oi 
gaseous matter from the nucleus gives rise to a jet action which may accelerate 6r decelerate the comet 
depending on the direction of its axial rotation (Whipple 198 1). This effect is not present in minor 
planets and a study by Ziolkowski (1983) concludes that other non-gravitational forces, such as 
radiation pressure, are not expected to be greater than the uncertainties in the calculated orbits. 
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The orbits of both comets and minor planets are subject to gravitational perturbations - predominandY 
those due to Jupiter. The values of a, the semi-major axis, and i, the orbital inclination, change quasi- 
periodically in a timescale of less than 103 years (Bien and Schubart 1983). 
Over 90% of the known asteroids follow orbits which lie wholly between the orbits of Mars and 
Jupiter. In 1866, when the number of asteroids known was only 85, Daniel Kirkwood was able to 
deduce the e2dstence of orbital distances where the numbers of -known asteroids appeared to 
be 
relatively high and others where there were gaps (Gradie et, al. 1979). From a slightly larger sample 
he identified further structure within the asteroid belt in 1872. Jupiter is the main disturbing 
influence in the Solar System and the Kirkwood Gaps are always considered in terms of the ratio of 
their orbital period with that of Jupiter (known as resonance). The belt consists of a-large number of 
subsidiary zones with apparent regions of depletion occurring at resonances of 3/1,5/2,7/3 and 2/1 
though there are concentrations found at 3/2 (Hildas), 413 (Thule) and 1/1 (Trojans) (Greenberg and 
Scholl 1979). This effect is well illustrated by a cumulative plot of number versus heliocentric 
distance (see Figure 1.4). However the mechanism by which a resonance can cause a gap or an 
accumulation is still a matter of debate. 
Outside the known planetary system is a disk of asteroids (Stcrn 1995). The Kuipcr Belt (or Disk) 
was first proposed in the late 1940s. Calculations made in the early 1980s indicated that the reservoir 
of short period comets probably existed in a band just outside the planetary orbits. The first to be 
discovered was 1992QB I and several more have since been identified (21 known in early 1995). All 
appear to be large (between 100km and 300km in diameter) and current estimates are that at least 
10000 bodies exist in this belt. Currently four bodies are known which appear to have been perturbed 
from this belt toward the inner solar system. These bodies (now called 'Centaurs) occupy unstable 
orbits and the largest (2060 Chiron) was discovered by Kowal'in 1977 and is currently near 
perihelion. Interest in these bodies has been hiightened by the discovery that Chiron now has a coma 
maldng it cometary in appearance. 
The presence of several bodies in similar orbits was first recogriiscd by Ifirayama, (1918). He 
identified 9 groups of asteroids each group of which appeared to possess similar orbits. The 
possibility of a common parent body for each family was considered, inferring that catastrophic 
collisions occur within the asteroid bclt (Gradic, Chapman and Williams 1979). 
There are many similarities in the appearance of asteroids and of cometary nuclei. This has given rise 
to speculation that comets and asteroids may rcprescnt different stages in the evolution of the same 
ty, pe of body A cometary nucleus that has lost its surface volatile components would appear 
telescopically the same as an asteroid at visible wavelengths. It could be possible for some of the 
observed minor planets to be extinct cometary nuclei though no examples were identified prior to 
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1979 (Kresak 1979). But in that year, the identification of the asteroid 1979VA with the periodic 
comet 1949g (Wilson-Harrington) by Marsden suggests that many more examples have already been 
observed but not yet identified. Observation at infra-red wavelengths can show emission. Jupiter's 
satellite lo loses sulphur to the surrounding space and I Ceres has also been observed surrounded by a 
tenuous cloud (possibly of water vapour). 
Mnor planets which orbit in the Inner Solar System frequently come under the gravitational influence 
of the planets - predominantly Jupiter . 'Me orbits are therefore not stable and calculations have 
indicated that the typical time of an object to remain in an Earth-Crossing orbit is of the order of 3x 
P 107 years (Shoemaker et al. 1979). There must be replacements perturbed into these orbits in the 
same timescale to account for the observed density. 
1.3 Composition 
The simplest view of asteroids, comets and meteoroids would be to consider them as planetesimals 
(Hartmarm 198 1), that is, debris left over from the formation of the larger bodies of the Solar System 
(e. g. Planets). This would happen if, by reason of their initial orbital location or subsequent orbital 
evolution, they failed to accrcte to other planetesimals and form part of the larger bodies. More likely, 
some of the bodies represent the debris of catastrophic disruption of larger bodies brought about as a 
consequence of collisions. Planetesimals must have different compositions depending on their initial 
location in the Solar System. In the inner Solar System, where the Solar Nebula was hottest, only the 
metallic and silicate minerals could condense to form planetesimals - many of which accreted to form 
the Terrestrial Planets. At the distance of the outer regions of the asteroid belt the temperature of the 
Nebula was lower allowing carbon and water compounds to condense as well. At greater distances 
from the Sun it was colder stiff and so water ice is a common material -a major component in the 
composition of the satellites of Jupiter and ýaturn. Further from the Sun the temperature is 
sufficiently low that methane ice can form. There is thus a steady transition in the composition of 
bodies which depends on their distance from the Sun and this has been observed, in the case of the 
planetary satellites, from telescopes on Earth and the space probes sent to the Outer Solar System. 
The search for these isolated remnants assumed a special importance from the early 1970's when 
NASA began planning spacecraft missions beyond Mars and they wished to evaluate the potential 
danger of collision (Gehrels 1979). 
[ 
At this time it was rcalised that some of these objects may be planetesimals containing matter 
unmodified since condensation from the primitive Solar Nebula. Such bodies would offer a record of 
early chemical composition of the Solar System and are of great scientific interest. 
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1.4 Physical Characteristics 
The term minor planet or asteroid, names which arc interchangeable, is applied to many Solar System 
bodies. They all possess similar characteristics, namcly: - 
1. Tlicy arc smaller dw the major planets. The estimated diameter of Pluto has been reduced 
recently and it (the smallest planct) is now considered to be 1423km (Sky and Telescope 1987). 
But Ceres is estimated to be only 913km diameter (Tedesco 1989), so there is no overlap between 
the sizes of the major and minor planets. 
d. 
2. They are in orbit round the Sun. However there are similarities between many asteroids and 
some of the smaller planetary satellites. It is quite possible that a number of the latter are 
captured asteroids which may be in orbits of either a pennanent or temporary nature (Carusi and 
Valsecchi 1979). 
3. They are inert. The major characteristic of comets, the "hairy stars", is that in the inner Solar 
System they are surrounded by volatile elements that have boiled from the surface. The volatiles 
are water and organic ices which sublime when the cometary nucleus warms up on approaching 
the Sun. 
The lower size limit for asteroids, to distinguish them from meteoroids, has not been defined. It is 
reasonable to consider any small object in solar orbit that can be remotely detected as an asteroid. 
Meteoroids are only detected during their passage through a planetary atmosphere (or when they 
impact a spacecraft). On this basis the minimum diameter of an asteroid could be set at 5 metrcs or 
less. 
The asteroids are relatively small on the planetary scale and even the largest - Ceres - subtcnds an 
apparent angle of less than 1 arc second when seen from the Earth which means that the apparent disc 
cannot be directly resolved by a ground based telescope except where adaptive optics are used on a 
large telescope. It is only possible to directly measure the diameter of an asteroid and coarse surface 
features from a space platform such as the Hubble Space Telescope. 
The largest asteroids appear to be almost spheroidal (since their rotational light curves are of very low 
amplitude <0.15 magnitudes); however many smaller asteroids show a high amplitude light curve at 
favourable aspects and thus may be elongated. Bell, Davis, Hartmann and Gaffey (1989) consider the 
possible evolution of shapes in terms of accretion and fragmentation and conclude that the previous 
assumption that spherical asteroids are accretion products and elongated ones are collision fragments 
is probably wrong. 
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From the Earth the most direct and accurate measure of the size and shape of an asteroid can be made 
on those rare occasions when an asteroid occults a star and the shadow passes across the Earth. A 
brighter star is preferred so that the change in brightness observed is relatively high. The shadow cast 
on the Earth is effectively the same size as the asteroid and by determining the start and finish times 
for an occultation it is possible to compute the length and direction of a chord across the asteroid. If 
many observers succeed in obtaining chords across the body it may be possible to construct the 
silhouette profile of the asteroid (see for example Maley 1984). Suitable opportunities in inhabited 
regions of the Earth are rare and usually seem to coincide with dense cloud covert Despite these 
difficulties Millis and Elliot (1979) report the results of eight successful observing projects from 1958- 
1978, and since then several more occultations have been observed. More recently, astromaric data 
has become available on CD-ROM (such as the Guide Star Catalogue) and modem computer software 
is available so that many potential occultations can be predicted which will enable more successful 
observations to be secured.. 
1.5 Configuration 
1.5.1 Variations in the Light Curve 
The term configuration is used to describe the physical features of individual asteroids. These are 
twially derived from a study of variations in the received radiation, largely in the visible wavelengths. 
A study of time-dependent phenomena associated with the asteroids forms a large part of this worL 
All asteroids exhibit a periodic variation in brightness presumably due to axial rotation, typically the 
amplitude is less than 0.2 magnitudes. This variation is mainly due to changes in the projected cross- 
sectional area as seen by an observer on the Earth (elongated shape), though the shadowing of large 
surface features, a variation of the surface al6edo across the face of the asteroid or else mutual 
Phenomena associated with two or more bodies in orbit around their common centre of gravity may 
also be present in the observed light curve (Chapman 1979). Contributions from all these causes may 
be present in the light curve of a given asteroid and it is extremely difficult to separate the effects due 
to each cause. Lupishko, Akimov and Belskaya (1983) propose a method based on a comparison of 
lphase angle effects with those of the Moon for separating phase dependent phenomena and suggest 
Ihat the effects caused by aIbedo variations could be greater than previously thought. 
More than half of the known asteroids appear to have rotational light curves with amplitudes of less 
Ihan 0.2 magnitudes at all hchocentric longitudes they are reasonably regular in shape. There are a 
-Tew examples which seem to be almost spherical with amplitudes of less than 0.05 magnitudes 
(representing a 5% change in the projected plan area seen from earth) at all longitudes. There are 
, %ome examples which are highly elongated and have amplitudes in excess of 1 magnitude. The 
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extreme example of this is 1620 Geographos which has a maximum amplitude at a favourable aspect 
of 2.03 magnitudes (Batrukov ct al. 1993). 
It may prove possible to invert a light curve to determine shape and topography of an asteroid (see 
Gehrcls 1984) however to date no such complete result has been published. 
1.5.2 Rotation Rates 
The observed spin frequency of most asteroids lie in the range 0.5 revs/days and 6 revs/days though a 
few isolated examples have lower spin frequencies with the extreme at present known being 288 
Glauke (Batrakov ct al 1993) with a period of 1150 hours though this may mptesent an axial 
Precession such as that discovered for 1220 Crocus (Binzcl 1985). The fastest known rotator is 1566 
Icarus (Batrakov et al 1993) which has an axial rotation period of about 2.273 hours. 
The max: imurn rate that an asteroid can rotate is constrained by the strength of its gravitational field 
and the tensile strength of its weakest material. This aspect is considered later in this work. Fast 
rotating asteroids (such as 1566 Icarus) arc probably composed of high strength materials. If the axial 
rotation rate is too high disruption will occur (Weidcnschflling 198 1). In the absence of direct 
information concerning the shape, asteroids arc modelled as tri-axial ellipsoids (Farinella et at. 1981). 
From experiments using models, the theoretical shape of slowly rotating asteroids can be 
approximated to Maclaurin Spheroids and elongated bodies approximate to Jacobi Ellipsoids 
(Farinella, Paolicchi and Zappala 1981). Real asteroids (243 Ida and 951 Gaspra) show significant 
deviations from these idcaliscd shapes and can be more accurately modelled once imaging data has 
'been obtained, however in its absence the tri-axial ellipsoid appears to be a valid first approximation. 
'Ihere have been several analyses of the populition spin-frequency from which it is found that the 
Inean spin-frequency is approximately 3 rcvolutions/day. The results must be treated with caution as 
there are selection effects since the information is only available from the biased population that we 
can observe from the Earth (redesco, and Zappala, 1980). This has been interpreted as the original 
spin frequency of bodies at the hellocentric distance of the asteroid belt. Harris (1979) proposes a 
Inethod, for modelling the evolution of rotation rates from the original value resulting from collisions 
in the asteroid bclt. Binzel (1986) employs a slightly amended version in his dissertation and furthei 
Inodifications are considered later in this work. Figures 1.5 and 1.6 show the distribution of spin 
frequency and amplitude with diameter respectively and Figure 1.7 illustrates the observed amplitude 
1310tted with respect to spin frequency. 
Collisions may serve to increase or to decrease the rotation rate of an asteroid as the impacting body 
WH rarely hit directly at the ccntre of mass. The main factors influencing the result of a collision 
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being the mass and velocity of the projectile and the impact parameter in both latitude and longitude. 
From the sample of rotation rates available at the time (1983), Derinott, Harris and Murray (1984) 
deduced that the large and small members of the belt rotated faster than asteroids of 50km to 150k: rn 
diameter. It has been suggested that medium sized asteroids may be despun by the mechanism of 
angular momentum drain (Dobrovolslds and Bums 1984). In this case debris Erorn an impact may be 
preferentially lost in the direction of rotation carrying angular momentum with it. Debris thrown in 
the opposite direction to the rotation may remain gravitationally bound to the asteroid. This 
component of angular momentum will be retained and tend to slow down the rotation. A smaller 
body will lose debris in both directions because of its small gravitational field whilst large asteroids 
will retain all the debris as their gravitational field is sufficient to prevent the escape of debris. 
Another idea, proposed by Halling (1984), interprets the spin frequcncy-diamcter- relationship as 
indicative of a modification of the internal structure of the asteroid during a process of accretion then 
differentiation followed by finiher accretion. 
1.5.3 Polar Axis Orientation 
The polar axes of the asteroids do not all point towards a similar direction in space (Harris and Bums 
1979). If they did it would imply a common origin with little subsequent evolution. However if 
Collisions have been an important evolutionary consideration, modification of the orientation of the 
polar axes would be expected. This is considered further later in this work 
If the spin-axis orientation is not perpendicular to the Earth's orbital plane then the light curve 
observed will not be the same at sumcssive oppositions. A maximum amplitude will be found when 
the axis is perpendicular to the line of sight, a geometric case that, in the rest frame of the Earth, 
always occurs at a single pair of heliocentric longitudes 180* apart. No variation will be found if the 
polar axis lies along, or close to, the line of sijht. In practice this latter case only occur for a few 
examples. 
Two methods exist to estimate the orientation of the spin-axis. The photometric astrometry method 
(raylor 1979) requires several complete light curves from a single opposition (raylor recommends at 
least 6) so that a good estimate of the synodic rotation period can be made and in addition a similar 
number of light curves taken at various other oppositions and heliocentric longitudes. This method 
does not give any indication of the shape. The amplitudc-aspect method (Zippala 1979) allows an 
estimation of the shape and also the polar orientation. The ratio of the axes a: b of the ellipsoid can be 
determined from the ratio of the maximum to minimum brightness when the aspect angle is 90". The 
ratio of the long axis to the short axis is harder to determine and the amplitude aspect method allows 
many values for this, the smallest of which is usually assumed to be the correct value. The values 
derived from Galileo imagery at 951 Gaspra showed it to be 19km: 7.5km: 7km, corresponding to a*b 
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of 2.53 this compares with a value of 2.51 derived from the lightcurve (maximum amplitude 1.0 
magnitudes). Insufficient data has been returned from the Galileo mission at the time of writing 
(March 1995) to comment on a similar comparison for 243 Ida. 
In most cases the measured spin-axis orientation is fixed and precession is not seen. However, if 
collisions occur in the asteroid belt, it would be expected that an irregular light curve will result. This 
"irrcgalae light curve is produced by the combination of the a)dal rotation component and a 
precession induced by the impact (this is considered later). Internal energy dissipation will result 
eventually in the damping of the nutation angle. The body will resume simple rotation with no 
precession component. This has been considered by McAdoo and Bums (1974). Where a body is 
nearly spherical the precession will be damped out in a period of 
50 g -r / (71 G p2. R2 ) (1.1) 
where 
T is the time for the precession to damp out 
R is the asteroid radius in kilomctres - 
ýL is the rigidity of the material 
p is the material density 
,r is the relaxation time of the material 
The damping time for a given size and shape of body is dependant on its composition and internal 
structure. For a solid body composed of a homogenous rocky material of p=4 gm/cc and ýt = 1012 
dynes/cm2 andc - 109 secs equation 1.1 reduces to 
T-5 1010 R: 2 years (1.2) 
(McAdoo and Bums 1974) 
Ile value of g is small for fluid or fractured bodies and r is small for rigid bodies. Damping times 
can be several orders of magnitude lower in these cases than indicated from equation 1.2. 
For an elongated rocky body they derive the following equation 
T-3.105. P3. rl. (Ljr)2 (1.3) 
(McAdoo and Bums 1974) 
where 
P is the axial rotation period in hours 
r is the radius of the equivalent cylinder (with the same luminosity) in km 
L is the half length of the equivalent cylinder in km 
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For P--10 hours and IJr--3 that this reduces to 
T-6.109 
. 
R-2 
'where R is the radius of the circular body giving the same projected area viewed from the Earth. 
McAdoo and Bums are uncertain whether the difference in aligrunent time between results of similar 
shaped bodies using each of the two equations (Equation 1.2 and 1.3) is a real effect of the shapeor 
due to the "roughness of the models". 
Harris (1994) has reworked the model and identifies several asteroids with long rotation periods 
which may be undergoing complex rotation (combined axial and precession). 
1.5.4 NEnor Satellites 
Imagery from GaMeo has shown that 243 Ida has a satellite, now named Dactyl. This had been 
suggested as a means of explaining the observed light curves as early as 1906 (Russell 1906). Reports 
of satellite bodies to minor plancts, christened minor satellites (van Flandern, Tedesco and Binzel 
1979) were reported for several asteroids as secondary events had been detected preceding or 
following asteroid occultations. However definite proof was not available until the images of 243 Ida 
were downloaded in early 1994. 
The major gravitational influence within the Solar System is the Sun. To a first approximation the 
motion of the planets and asteroids can be considered in terms of a three body problem since the 
gravitational influence of Jupiter is dominant among the planets. Whipple and White (1985) consider 
the stability of binary asteroids as the third body. They conclude that "the existence of binary 
asteroids is possible even for relatively small components (they consider diameters of 80km) and 
relatively large separation distances (120OOkm) between components". All the possible candidates for 
binary/satellite bodies have separation distances <10OOkm (Table I Hartmann 1979). The satellite of 
243 Ida was found to be within this distance. 
1.6 Evolution of the Asteroids 
1.6.1 General Overview 
When Ceres was discovered in 180 1, it was at first assumed to be a major planet though it was much 
smaller than would be expected. The discovery of Pallas by Olbcrs in 1802 caused a further problem 
since if Ceres and Pallas were both major planets, the fact that they had similar orbits would not, in 
v the view of that time, be allowable under Bode's Law. OIbers produced a solution by suggesting that 
the two bodies might be fragments from the disintegration of a single major planet and that other 
fragments might be found (see for example Nieto 1972). This idea seemed to be supported by the 
12 
discovery of Juno and Vesta in 1804 and 1807 respectively. Whilst many more asteroids have now 
been found it is still not possible to say whether they arc fragments of one, or more, larger body. The 
question of the origin of the asteroids is part of the larger unsolved problem of the origin of the Solar 
System as a whole. Two main types of theory exist, encounter and nebula, and they are outlined 
below. 
1. The encounter theory was proposed by Buffon in 1745 (see Cameron 1975) and seeks to explain 
the formation of the Solar System in terms of an encounter between the Sun and a passing star. 
This passing star caused the ejection some of the outer layers of the sun into a circumsolar disk 
do which condensed to form the planets 
2. Tic nebula theory was proposed by Descartes in 1644. The galaxy contains concentrations of gas 
and dust such as the Orion Nebula. In such regions the density of matter will be irregular and 
local condensations will occur. The net gravitational force will attract matter from the 
surrounding lower density areas. Eventually the cloud, or at least its central regions, will collapse 
to form a protostar or protostars which could give rise to stellar/planetary systems. The dust 
clouds surrounding many stars observed by IRAS and subsequently from the earth appear to 
support this theory. 
1.6.2 The Formation of Planetesimals 
The large cloud contracts under its own gravity. Duýng this process, since the density is non- 
uniform, the cloud will fragment into many protostar regions (Meadows 1978). The protostar nebula 
that produced the Sun and planets was at least 3 Solar Masses (Cameron 1975). During the 
contraction of the Solar Nebula the gas and dust would become turbulent and the resulting shear 
forces would produce rotating eddies as in Wei7mckces theory (see Wood 1979). Contraction will 
increase the rotation rate since angular momentum will be conserved. 
In the Solar System 99% of the mass is concentrated in the Sun whilst 98% of the angular momentum 
is carried by the planets (Singh 1970). - This would suggest that there must have been a mechanism for 
transkrring angular momentum to the regions remote from the Sun whilst condensation was 
occurring (Camcron 1975). In computations by Goldreich and Ward the f= generation 
planetesimals of radius --O. Ikm form by gravitational collapse and gas/dust drag on a timescale of the 
ýorder of 1 year. Ilese are gravitationally unstable and group in clusters of about 10000 members. In 
a timescale of a few thousand years the clusters contract to form second generation planetesimals with 
r&M of about 51an. Further coalescence will proceed at a growth rate of about l5cm/year at IAU 
(Goldreich and Ward 1973). 
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1.6.3 Planet Growth 
The swarms of planetesimals, -51an in diameter can only grow into planet size bodies by direct 
interaction. In practice this means that gravitational perturbations must modify the orbits of the 
clusters of planetesimals causing them to collide and coalesce (Cameron 1977). Hartmann (1978) has 
carried out investigations of the effect of coMsions. A body released from rest and acting solely under 
gravitational forces, will impact a target at a velocity equal to the velocity of escape for the target. In 
practice there will be an initial relative velocity superimposed on this. In theory, for a rigid body a 
rebound velocity exceeding the velocity of escape from the target will mean they do not coalesce. Real 
bodies are elastic. flartmann! s experiments in the laboratory demonstrated that coalescence can occur 
at velocities up to twice the escape velocity. 
Several computer simulations of the accretion of planetesimals have been carried out Greenberg ct 
al. (1978) report the results of simulations which illustrated that Ikm planetesimals could grow to 
form 500km diameter bodies in only 10000 years. They interpret these as the seeds for future planet 
growth. Issacman and Sagan (1977), using the simplified method of Dole have calculated several 
alternative planetary systems including a Solar System analogue. Wethcrill (1981) provides solutions, 
calculated by Cox, to the growth of the Terrestrial Planets. The effects of such impacts on rotation 
rates is considered in Chapter 5. 
1.6.4 Formation of the Asteroids 
Many asteroids are considered to be planetesimals which failed to form a planet. Some however are 
thought to be fragments of partially axrcted bodies (Chapman 198 1). The current total mass of the 
asteroid belt if it were incorporated in a single body is about an eighth that of the Moon (Bell et al 
1989). This is significantly less than would be ixpected from the mass density of the rest of the Solar 
System suggesting that mass must have been ejected from the region (Hughes 1982). 
The asteroids may be the residue of the fragmentation of a large planet. Napier and Dodd (1973) 
consider the disruption of a 90 earth mass planet. They conclude that a chemical explosion, a close 
passage to Jupiter or what they describe as ".. a nuclear effect" could not account for the observed 
structure of the asteroid belt It appears likely that the accretion of planetesimals in this region wai 
incomplete, either because the gravitational influence of Jupiter disturbed the process or else because 
the density of planetesimals was insufficient to allow complete accretion. 
Hughes (1994) has reviewed the likely evolution of the asteroid belt. From considerations of the mass 
density distribution he proposes that the currently observed belt is largely the product of 
fragmentation. This conclusion also provides an explanation for the apparent mass depletion in this 
14 
region. During the accretion phase the planetesimals had low eccentricity orbits and thus encounter 
velocities were low (Hoyle 1978). Any collision would tend to be non-disruptive and coalescence 
would occur. This allowed the growth of several large planets in the zone (estimated at 8 Mars sized 
bodies by Hughes) and the mass distribution index would be of the order of 1.65 (Hughes 1991). Ilis 
would lead to about 640 asteroids larger than 1 Ceres, the largest current asteroid. Once the proto- 
Jupiter grew to a size when it could exert a perturbing influence on the asteroid belt the modification 
to asteroid orbits would increase encounter velocities. Fragmentation would become a significant 
influence and mass loss from the belt would occur due to perturbation. The currently observed mass 
distribution index is 2.0 indicative that fragmentation has been in progress for a long period of time 
(Hughes 1994). 
In 1983 data from the Infra-Red Astronomical Satellite (IRAS) has revealed the presence of dust 
bands within the main asteroid belt (Sykes et al 1989). It is most likely that these bands are formed 
from the dust debris of collisions within the belt. 11eir existence suggests that collisions are a 
continuing process since the debris would be transported to the Inner Solar System by Pointing- 
Robertson drag. The continued existence of the bands implies a source of replenishment though their 
precise structure is likely to be variable. 
The mechanisms responsible for the formation of the Solar System as a whole, and especially for the 
minor bodies within the system are still poorly constrained by the available evidence. 
Further knowledge of conditions during the accretion process may be gained after samples of asteroid 
material have been obtained. In the meantime, the only approach is to try various models of the 
formation of the asteroids and to check them against parameters that can be measured from the Earth 
such as orbital elements, photometric rotation periods, spin-a2ds orientations, and spectrophotomctric: 
properties. Compositional differences can be noted by classifying asteroids of like sufface properties 
and investigating differences in rotational properties which point to differences in the rotational 
history. I 
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2. Scope of The Present Work 
2.1 Classification 
The classification of the asteroids is examined in Chapter 3 using numerical methods. The 
parameters used are derived from measurements of the surface characteristics and are thus related to 
the properties of the surface minerals. Initially the numerical taxonomy method is evaluated and a 
more appropriate way of applying it determined. Then the standard seven parameter classification 
scheme is considered and the effect of introducing small random crrors into the input data is assessed 
to identify whether the classifications are valid and significant. 
Ile effect of reducing the number of parameters on the classifications is investigated. Using these 
results, simplification of the classification schemes is discussed. A sample of 588 asteroids is 
classified using the published results of eight band photometry. The likelihood of differentiation and 
core formation in asteroids is considered to check whether classification of asteroids by surface 
characteristics could identify bodies with similar internal structure. The dependence on the structure 
on the fragmentation and spin rates is also discussed. 
2.2 Projectile/Targa Interaction 
The overall evolutionary history is taken as build up from planetesimals and subsequent collisions 
between bodies. The evolution of the axial spin of asteroids is reviewed in Chapter 4. It is described 
in terms of classical mechanics. The processes of evolution of spin-rates, spin-axis orientation and 
modes of rotation are derived by considering the effects of collisions between planetesimals. 
2.3 Evolution and Modes of Rotation 
In Chapter 5a collision model for the evolution of spin rates and spin axis orientations is formulated. 
This model describes the observed distribution of spin frequency and axial inclination with no 
mechanism (e. g. ejecta) required to carry away surplus angular momentum. It is shown that if the 
observed spin ftequency distribution is rnoýlclled then a random orientation of spin axes is to be 
expected. Though observed orientation is not well known the indications arc that they are randomly 
distributed. The rate of the occurrence of collisions is also discussed. 
2.4 Observability of free preces! ýion 
Using the collision model derived above and extending the work on equilibrium bodies carried out by 
Chandrasekar, graphs are presented which show that free precession could only be observed in a 
limited number of cases by light curve analysis as in the majority of cases the amplitude of the 
precession component is so small it would be lost in the noise. 
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2.5 Experimental Observation 
In Chapter 7a new design of photometer is described and its performancc assessed. Sources of error 
are identified and quantified and recommendations for minimising their cffects discussed. 
2.6 Case Studies 
In the first part of Chapter 8a simple method of synthesising asteroid light curves, including 
procession and variegation, is derivedL This is applied to the observed multi-mode rotation for Comet 
P/Halley and 1220 Crocus using results of observations by others. In the second part of this Chapter, 
observations of asteroids made using the equipment designed for this project arc presented. These are 
analysed and compared with synthetic light curves (based on shape, variegation and precession 
parameters) to determine the possible configuration of the body and to derive synodic periods of 
rotation. 
2.7 Future Work 
11c final Chapter identifies possible future extensions of this work. 
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3. Taxonomy of Asteroids 
Abstract 
The currently used schemes of classifying asteroids are considered and particular attention is 
given to the use of numerical taxonomy. After review it is applied to the seven parameter 
classification scheme and the effect of introducing errors into the data set considered 
illustrating that the major types remain distinct. 'Me effect of reducing the number of 
parameters is assessed showing that simplification would still produce a valid classification. 
It is noted that the classical S-type splits significantly into two types which appear dependent 
on heliocentric distance. 
A new scheme is prepared using the eight-colour survey which allows much finer 
classification to be derived. This confirms the conclusions about the subdivision of the S- 
type class. 
The relevance of superficial features to internal structure and hence to spin rates is discussed. 
Finally the relevance of classifying bodies solely on the basis of observed data from surface 
rcflection is considered and some pitfalls are highlighted. 
3.1 Review of classification schemes 
3.1.1 Why Classify Asteroids ? 
There are about 6000 numbered asteroids. These are asteroids with good orbits derived from 
observations over at least two oppositions. There are too many to allow detailed investigations to be 
made of every one. However if we can find similarities between individuals then by observing one we 
should be able to describe, at least in part, the remainder of the Group. 
Ile brighter asteroids (those whose maximum. opposition magnitude can reach 10th magnitude) have 
been well studied but most of the fainter examples (which are always fainter than about 16th 
magnitude) have not. The purpose of a classification scheme is to predict the surface properties of the 
fainter asteroids and to identify unusual objects for more intensive study. As the observed properties 
are those of the surf= minerals the classification scheme characterises; (at least in part) the 
composition of the asteroids and this gives clues regarding their evolutionary history. However there 
are limitations to the usability of any scheme. The main one is that with the increase in observation 
data there tends to be a proliferation in the number of subdivisions and the increasing complexity 
makes interpretation difficult. In practical terms every individual body will contain certain unique 
information which would justify separating it into its own class. This would defeat the objective of all 
classification schemes which is to group similar bodies whilst accepting that there will be differences 
between individual ones. 
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3.1.2 Early Classification Schemes 
First attempts at classification involved plotting points on a colour-colour graph (U-B vs. B-V). 
Distinct clusters of points were found suggesting compositional differences (Bowell, and Lumme 
1979) - see Figure 3.1. Two main types, called C and S, can be distinguished to allow quick 
classification of newly discovered objects (Zcllncr 1979 (i)). These names are derived from the 
similarity in observed characteristics between C-typc asteroids and Carbonaccous Chondritc meteorite 
samples and between the S-type asteroids and the Stony-iron meteorites. The similarity in general 
characteristics between meteorites and asteroids is a strong indication that the former arc fragments of 
asteroids produced probably by collisions within the main asteroid belt and subsequently perturbed by 
the gravitational field of Jupiter into orbits which intersect that of the Earth. There is a general 
review given by Greenberg and Nolan (1989). 
Bowcll and Lumme outlinc the advantages of including UBV colour indices in any classification 
scheme. They can be measured using only simple equipment which is available at virtually all 
observatories. Even faint objects may have their colour indices measured and hence be classified. Over 
half the asteroids have been classified solely using the colour indices. Unfortunately this data gives 
little insight into the nature of asteroid surfaces. 
introducing other factors allowed Bowell, Chapman, Morrison and Zcllncr (1978) to propose a new 
scheme. By considering seven basic parameters derived from three types of observation they 
rccognised, five classes of asteroid. Ileir scheme allows not only simple observational results (such as 
colour indices) but also considers others less easily obtained including spectral shape parameters, the 
strength of a spectral feature (the absorption line due to Fe++ near 950nm (Gaffey and McCord 
1979)) and the geometric albedo - p, (Chapman, Morrison, and Zellner, 1975). Bodies not failing into 
a standard class arc designated U for UnclassifiabIc. The seven parameters are 
a. Photometric Colour Indices 
I. The photometric colour index U-V 
2. The photometric colour index B-V 
b. Narrow Band Spectrophotometry 
3. R/B - spectral reflectance at 700nm/ spectral reflectance at 400rum. This is the 
general slope of the spectrum from the B to R bands 
4. BEND a measure of the curvature of the reflection spectrum in the visible region. 
(Reflectance at 560nm - Rcflectancc at 400mu) -(Reflectance at 730mn - Reflectance at 560rum). The 
B and R points have been adjusted to be equidistant from the peak of the V band 
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3.1 - U-B vs B-V plot showing the areas occupied by the different classes in the 
traditional classification scheme 
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5. DEPTH - the ratio of the reflectance at the bottom of the Fd++ absorption feature 
near 950nm with the highest reflectance on the short wavelength side of the band (a value of I would 
indicate no absorption feature is present). A strong absorption feature suggests the presence of 
silicates (pyroxenc, olivine or feldspar)(Gaffey and McCord 1979). 
C. Polarimetry and Radiometry 
6. Ile geometric albedo in the photometric V band (pv) which can be obtained from 
thermal radiometric or polarimctric data (Chapman, Morrison and Zellncr 1975). 
7. The minimum value of the polarisation. curve (P., in). This is the value of the 
negative branch which occurs at approximately 10' phase angle. However this parameter is related to 
the albedo so it is not tndy independent. 
Additional parameters might allow further subdivision of the classes. The classes rccognised in the 
general scheme are C, S, K E, and R together with U. Multiple letter classifications e)dsi, CMUE 
indicates 'not S or R! [indeed C really means 'not S, KE or R! j but later reassignment to another as 
yet undefined class is possible (Zellncr 1979 (i)). Tbcrc are simple basic criteria for placement in a 
specific class and these are given in Table 3.1 and arc shown graphically by Figure 3.1 
Tablc 3.1 Dcfinition of Classcs 
(after Zellncr 1979 fi)) 
c s m E R 
Albedo <=0.065 0.065-0.23 0.065-0.23 >=0.23 >=O. 16 
P,. i. 1.20-2.15 0.58-0.96 0.86-1.35 <=0.40 <=0.70 
R/B 1.00-1.40 1.34-2.07 1.06-1.34 0.9-1.35 >=0.70 
BEND 0.00-0.20 0.00-0.20 <0.0-1.0 <=0.10 >=0.20 
DEPTH 0.95-1.00 0.80-1.00 0.90-1.00 0.9-1.0 <=0.90 
B-V >=0.64a b 0.67-0.77 0.6-0.79 c 
U-B d 0.23-0.46a I >=0.34b 1 0.17-0.28 10.22-0.28 1c 
Type U means that an asteroid is Unclassifiable on the basis of the observational data. 
The UBV parameters are the only classification parameters available for approximately half the 
asteroids that have been studied. To help classify these there are some additional notes which help 
define the regimes of each class when only UBV photometry is available. 
Notes 
a. The C-type asteroids occupy a box in the U-B/B-V diagram. The other edges of this region are 
given by 
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4.60(B-V) - 3.17 <-- (U-B) <-- (B-V) - 0.27 
Type U is allowed 0.02 magnitudes inside the limits of the box if only UBV photometry is available 
which gives a smaH zone of t)W CU. 
b. The S-type asteroids also occupy a box in this diagram. For this 
B-V >=I(U-B)n. 01 + 0.74 
1.70(B-V)-l. 12 <= (U-B) <-- (B-V) - 0.33 
(U-V) <-- 1.47 
Type U is allowed 0.02 mag inside all the limits, c. xcept the last, when only UBV photometry is 
available giving a small zone of SU. 0 
c. For class R the U-B and B-V indices are not considered individually but the overall index 
U-V >-- 1.47. 
d. Type U is always allowed for U-B <= 0.28 when only UBV photometry is available. This is 
because it is not possible to decide whether an asteroid is C, M or E on this basis alone - or indeed 
whether it is none of these classes. 
The designations C, S, M and E are derived from meteoritics since the spectrophotometric results 
from observing a C-type asteroid arc similar to those obtained from Carbonaccous Chondrites and in 
the same way S (Stony-iron), M (Metallic Nickcl-lron), and E (Enstatitc) have metcoritc: analogues. 
Further classes have been added as considered necessary. Degcwij and van Houtcn (1979) introduced 
class RD, for Reddish and Dark, (now abbreviated to D) which included some members of the Trojan 
family which showed characteristic spectral features. 
Using natural groupings in the data there has been a general revision of classifications in the C- like 
group. pallas, a unique low albedo object in ah. igh inclination orbit has been given its own class, B- 
type. Three sub-groups have also been introduced. G-type is for atypical C- rfpes which show 
sinoarities to Ccres. Types P (pseudo-No and F (Flat spectra, low albedo) were introduced by Gradic 
and Tedesco (1982). 
All this has to be considered in terms of global photometry because surface features cannot be 
resolved. Even if they were, it is not possible to determine exact surface composition from the 
spectrum except that the presence of some classes of minerals (such as feldspars) may be detected 
(Gaffey and McCord 1979). 
3.1.3 More recent Schemes - Numerical Taxonomy 
Any classification scheme has the aim of placing asteroids in groups possessing similar properties. 
This can be done by assigning ranges, as typified by Figure 3.1, or by considering individual bodies 
mathematically as done in numerical taxonomy. This method expresses the similarity between two 
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objects in terms of a single number, called the similarity coefficient (Sokal and Sneath 1963). The 
method is impartial, but the outcome depends on the number and accuracy of the input parameters 
usedL 
The similarity coefficient (described below) is calculated between each of the sample members under 
investigation using the numerical values of the characteristics. The results are used to form a 
similarity matrix. Low values for the coefficient demonstrate a close sirifflarity between two asteroids. 
The pair of asteroids (or group) with the lowest value of similarity coefficient are found and joined at 
this value of taxonomic distance. Ilese bodies are then considered as a single object and the revised 
similarity coefficient from this to all other sample mcniberris recalculated as the mean value of the 
coefficients for the group members. The next lowest value is found and the procedurýe repeated until 
all sample members are incorporated. When plotted, the dendrogram shows the linkages between 
asteroids and groups of asteroids. The method is often used for classification in microbiology but it 
has not been widely used in the field of asteroid research even though it has the great advantage of 
suggesting groupings independently of any preconceived ideas about the nature of asteroid surfaces. 
McCheyne (1985) has examined a sample of 60 asteroids, representing approximately 1% of the 
observed asteroids. The results must be viewed with caution since the selection of this set may be 
biased by the fact that only the biggest and brightest have been studied in sufficient detail to allow the 
determination of the seven parameters used in this classification. Nevertheless the clean dendrogram 
suggests that this method allows a more precise classification than the apparently loose approach 
described earlier in this chapter. 
Barucci et al (1987) have published a classification scheme based on G-modc analysis. They have 
used the eight colour survey data set of ZeUner et al(1985) and in addition have used the albcdo values 
derived from IRAS data. The method works in a similar manner to numerical taxonomy in that a 
single value is evaluated from the parameters c6nsidered. However the method of class assignment is 
different from that used in Numerical Taxonomy. The classifications derived using this method are, as 
would be expected, similar to both the results derived from numerical taxonomy and from the 
standard classification. 
A three-parameter scheme using U-V and v-x colours together with visual albcdo has been proposed 
by Tedesco Ct A (1989). This has the bcndit of simplicity in that the albcdo and U-V colours are 
either known or can be easily derived. However their list only covers 357 asteroids so it is, at present, 
limited. 
3.2 Scaling input parameters in Numerical Taxonomy 
McCheyne (1985) examined the classification of 60 asteroids listed in the TRIAD file in terms of the 
seven classification parameters listed above. 
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The TRIAD file (Tucson Revised Index of Asteroid Data) contains a record of physical observations 
and other data. It was established in 1976 to ensure that all the reliable information about asteroids 
were available from one central source (Zcllner 1979(ii)). A listing of the data held in this file, 
complete to 1979 June 20, is given in seven tables in the book 'Asteroids' edited by Gehrels and 
Matthews (1979) and subsequently updated in the Asteroids 11 Database contained in the book 
'Asteroids Il' (Binzcl, Gehrcls and Matthews 1989). 
The similarity coefficient used by McChcyne (1985) is given by 
Sij ý! (IXi'Xj'kI2/nij)0-5 ... (3.1) 
k 
where Sij is the coefficient of similarity between the i th and j th asteroid 
2ýk is the k th parameter of the i th asteroid 
Iýj is the number of parameters considered 
To assess the validity of the method three dendrograms were prepared as part of the present work, the 
data analysis was done using a 48k Sinclair Spectrum microcomputer. The input data is taken from 
the TRLkD File. The U-B and B-V colours arc given by Bowell, Gchrels and Zellner (1979). The 
narromband photometric parameters R/B, BEND and DEPTH are tabulated by Morrison and Zellner 
(1979). McCheyne notes that parameters with a large range in comparison to the others could have a 
dominant effect if they are not scaled. He considered that the input data for the 60 asteroid sample did 
not require scaling. However the ranges are not the same and this is illustrated by Table 3.2 
Table 3.2 Asteroid Classification -Maxima and Minima of Parameters 
Maximum Minimum Range 
U-B 0.57 0.19 0.38 
B-V 0.95 0.64 0.31 
R/B 2.01 1.00 1.01 
BEND 0.28 -0.05 0.33 
DEPTH 1.00 0.71 0.29 
Albedo 0.480 0.025 0.455 
Pmin 2.10 1 0.31 1 1.79 
These parameters are those used in the seven parameter system and are defined in section 3.1.2. Th6 
mean value of these ranges is approximately 0.45. 
The range of Pmj. is four times that of the mean and the range of R/B is also significantly higher than 
the mean. In the formula used by McCheyne a greater weight is given to these values than those with 
a smaller range unless some form of scaling is used to equalise the contributions from each parameter. 
Figures 3.2 to 3.4 have been prepared as follows. 
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I. Using the same similarity coefficient as McChcync, which is given in equation 3.1 
2. Using a scaled version of equation 3.1 
Sij=Y-( (lxk-xjkVoýkýxk.. ))2/nj)(ý. s.. (3.2) 
k 
In this case each of the input parameters will make an equal contribution to the similarity cocfficicn, t. 
3. Using a linear scaled cocilicient 
Sij=y-flXik-Xjkl/()CkýXkmin))/n, j .... (3.3) 
k 
Equation 3.2 can be ýonsidcrcd a least squares method. The linear option is considered to see whether 
it produces any major differences from the least squares version. 
The resulting dendrograms are given in Figures 3.2 to 3.4. The current classifications of the asteroids 
arc given adjacent to the asteroid number, the classification is taken from the Jet Propulsion 
Laboratory Asteroid Rotation Index (Harris and Young 1984). 
Comparing the Figures it appears that scaling the similarity coefficients produces a more satisfactory 
dendrogram since the major divisions occur at a greater taxonon-dc distance in Figures 3.3 and 3.4 
than with Figure 3.2. The three individual groups in the current scheme namely C-type, S-type and 
E-type separate in all cases. The current subgroupings in the C: = region only-become Marent in 
the cases where the data is scaled (Figures 3.3 and 3.4) when the M: = asteroids UM together. 
Figures 3.3 and 3.4 produce essentially the same class ication groups though - because of It if the " cas 
squares" nature of equation 3.3 - separations generally Occur at a greater taxonomic distance. Five 
main'groups! can be seen. These correspond to the current types C, E, S, R and V. However it can be 
sew that the members of classification E (which always separate to form a discrete group) are less 
similar than the difference between the M and D t)rpes. The current C-qWs fall into two groupings. 
T'here is a Cercs-like group and a M/P/F Group. There appears to be no justification, from the 
dcndrogram, for separating classes B, F and P on the basis of the seven parameters considered. The 
S-type grouping shows a close linkage and there is a possibility that 80 and 354 may form a subset of 
the S-type which is more significant than some of the sub-groups in the other sets. 
3.3 An examination into the effect of introducing errors into the parameters used in 
Numerical Taxonomy 
Because of the danger of bias, the effect of errors in the data has been studied Ruiher. To assess the 
size of errors needed to Cause significant changes to the dendrograms three additional cases have been 
considered. The data taken from the TRIAD file have been subjected to a random error up to the 
value stated below. The error is introduced by the addition of the product of a*b*c where 
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a=a random number between -0.5 and +0.5. 
b= the fractional error 
c= the total range of the element under consideration (given in Table 3.2) 
ne resulting dendrograms have then been compared with Case 3 above to see the extent of changes 
produced by the introduction of the crrors. The purpose of this is to determine an appropriate 
percentage error to be used for the investigation described in Section 3.5 and so single cases for each 
value of error have been calculated here. 
(Cases 1,2 and 3 are those considered previously) 
4. Using equation 3.3 but with the input parameters subject to a random error of up to ± 1%. 
5. Using equation 3.3 but with the input parameters subject to a random effor of up to ± 5%. 
Table 3.3 - Maximum Value of 5% Error on each Parameter 
(ic 5% of the total range of each parameter) 
U-B 0.02 
B-V 0.015 
R/B 0.05 
BEND 0.017 
DEPTH 0.015 
Albcdo 0.023 
1 PEuin 10.09 
6. Using equation 3.3 but with the input parameters subject to a random error of up to ±10%. 
When errors are introduced into the input data the effects are minimal at errors up to ±50/o. When the 
input data has errors up to ±10% the structure of the C-t3rpe region breaks down completely. The 
major groups still remain separate. Increasing the error in the data tends to reduce the taxonomic 
distance of the linkages bowever the main groupings are of sufficient significance that the main 
structure of the dendrograin does not break down at the error levels considered. The maximum value 
of the error for each parameter in the 5% case is listed in Table 3.3. Ile main classification groups 
arc therefore significant whilst the sub-classification in the C region must be viewed with caution 
unless additional parameters are used in the classification. Dendrograms of typical results are 
illustrated by Figures 3.5 to 3.7 for cases 4 to 6 respectively. The apparently disparate E group remain 
separate even with the maximum level of error introduced here. 
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3.4 An investigation into the Significance of the Seven Parameters 
To assess the significance of the seven parameters used in the standard classification scheme, and to 
determine whether it could be simplified, the effect of omitting various parameters has been studied by 
calculating the similarity between the astcroids using the numerical taxonomy method. 
For each test, six sets of input data have been used; the standard set from the TRIAD file, and five sets 
having random wors of up to ±5'Yo. Tliis value, as determined in the previous section, should give 
only minor differences between dendrograms for the same input parameters. If the parameter in 
question does not add to the accuracy of the classification scheme then the resulting dendrogram 
should give a result similar to the standard scheme. 
To facilitate intercomparison of the six individual dcndrograms the calculated classes arc presented in 
tabular form to show the main classes by omitting the calculated taxonomic distance for each test 
case. The H labcls are introduced in this work to identify each grouping. They have no meaning 
beyond this. 
Table 3.4 Main Classes derived by numerical taxonomy calculated following the investigation into 
reducing the number of data sets and consideration of likely errors 
Class Asteroid Number 
HI (Ceres-like) 
H2 (Pallas-like) 
H2a 
1 
2 
16 
13 
10 
21 
19 
46 
69 
41 
65 
129 
51 
85 
511 
88 139 704 
112b 624 
H3 (E-type) 44 64 434 
H4 (Juno-like) 3 
23 
5 
37 
6 
40 
7 
68 
11 
89 
14 
115 
15 
532 
18 20 
674 
Ma 17 27 29 30 116 230 563 887 
114b 8 9 12 29 39 63 192 433 584 
H4bI 80 354 
H5 4 
H6 349 
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The numerical order within these groupings varies as different values of error are considered and is 
not significant. Groups HI to H6 all represent defined separations which remain even if errors in the 
parameters at the ±101/o level are introduced. 
The large migration of objects within the H4 (Juno) group suggests that the minor structure is 
relatively insignificant. The sub-groups identified are 114b which is a Flora group, H4bI which may 
represent a n-dnor grouping within the Flora group, and Ma which contains members with factors in 
common with both the Juno and Flora subgroupings. It should be noted that, at the current time, 
there are no clear subdivisions rccognised in the S-t3rpe (Juno) group in the standard scheme. 
The C-t3W region, as currently classified, consists of several types which are separated by individual 
peculiarities. The dendrograms indicate the few significant groupings which exist. 
The Ccres-like asteroids all group together, some examples have recently been classified as G and 
perhaps all should be given this designation. 
The Pallas-like subset is slightly more complex and several distinct groupings are present. The most 
significant are the Metallic group 16,69,129 and probably 2 1, though the litter can be detached from 
the main grouping relatively easily. , 
624 Hcktor forms a subset at a significant distance from the main Pallas-like members. 
The E-type asteroids represent a significant grouping which always preserves a separate identity. 
However they are individually very dissimilar. They are grouped largely by virtue of their abnormally 
high albedo, low Pmin and low U-B. They are more dissin-dlar than any of the structure infCrred in the 
Juno-like group and it is likely that subsets will be formed ff there arc many more discovered. 
Under this classification scheme much of the C-type region becomes simplified. Recent years have 
seen a proliferation of groups in this area of the dcndrogranL These arc not supported by the 
numerical analysis used here. Though each asteroid will be, in some ways, unique it would, seem. 
appropriate to rationalise this region as indicated in the HI and H2 regions. There is no justification, 
under the seven parameter scheme, for subdividing group H2 which currently contains examples of 
qW B, P, C, CF, PC, FC. 
The effect of reducing the number of parameters used in classification from seven was considered 
next. Dendrograms were calculated, without consideration for errors, using firstly two parameters, u- 
B and B-V, and then two cases with three parameters, U-B, B-V and albedo, and also U-B, 13-V and 
plain- 
The dendrogram produced using two parameters gives only a crude classification which is not close to 
the full scheme. The addition of albedo or Pmin improves the matters greatly. 'Me inain groups 
0, ý, --.. 
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identified above have appeared, the minor structure is not as clear as with the seven parameters and 
the sub-groups have not separated. Pmin and albedo are interdependent since one method of estimating 
the albedo is from the measurement of Pnfin. It should thus be possible to use one or the other in 
calculating the dendrogram. The two dcndrograms, one omitting the albedo and one the Pmi,, are 
essentially the same as the basic seven parameter one. 
If both P., j. and albedo are omitted from the classification scheme, but the remaining five parameters 
are considered, there are only minor changes except that the H2a, H2b and H3 groups are seen as one 
group. It is thus essential to include albedo to allow the above groups to subdivide. Basically a three- 
parametcr dendrograin can provide a useful classification blit a six-parameter one (excluding either 
albedo or Pnjin) would seem to give the most comprehensive subdivision. 
3.5 A new Taxonomy of 588 Asteroids 
Eight colour photometry of 588 asteroids has been published by ZcHncr, Tholen and Tedesco (1985). 
The wavebands observed lie between the Ultra-Violet (approximately 300 nm) and the Infra-Red 
(approx. 1100 run). In all 589 objects were observed but one was subsequently rejected as a field star. 
The results of the cight-colour photometry are given as an absolute v magnitude and seven colour 
indices related to v. The colour indices were used to construct a classification for the 588 asteroids. 
A new classification scheme has been calculated using this data set and numerical taxonomy (using 
equation 3.3) to identify similar bodies. The data set was sufficiently large that drawing a complete 
dendrograin would not have been realistic given the magnitudes of the errors quoted by Zellner et al. 
Since the classification has been calculated there are no initial preconceptions about the classification 
of any particular asteroid and each has been assigned to a class solely on the shape of its colour curve 
and its calculated similarity to the respective class wprototypes". The reflectance spectra of the 
asteroids for which each class is named is shown-by Figure 3.8 
The eight-colour light curves can be separated into two main groupings. Those which are non-linear 
in shape, listed in Table 3.5, and those which are substantially linear, listed in Tables 3.6 and 3.7. In 
addition there are a few bodies which do not fit easily into this scheme. These are entered in the Odd 
and Unique category. Each category includes many objects which have a close similarity coefficient 
(<O. 1), there are also a few other bodies in each group which, because the full eight-colour photometry, 
was not obtained, have been fitted by eye. To illustrate the distribution of the 588 members within the I 
Solar System each group is listed by Zone. Ilese are the same as those establish ed by Zellncr et al.. 
Figure 3.9 illustrates the distribution of the asteroid clams described here with heliocentric distance 
(a). A similar figure showing the distribution of the previous classification has been published by 
Zellner et al. (1985). 
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Figure 3.8 - Reflectance Spectra for the asteroid taxonornic classes introduced 
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Table 3.2 
Zone AAA Hungaria Flora MarsX Phocaea, I Nysa IIa. IIb Koronis Ma Eos IIIb Themis Cybele Hilda Trojan Other 
Group 
Vesta 1862 4 
. Asporia 2501 246 446 289 863 
Ilora 433 1019 8 512 25 9 14 28 33 639 108 692 
1627 1453 40 2744 323 11 15 39 349 651 196 
1943 1509 so 1170 12 26 116 653 245 
198IQk 2272 228 27 32 288 2090 
1982DV 296 30 89 346 
1982XB 352 42 101 354 
364 63 103 374 
376 67 119 387 
443 79 170 563 
496 113 459 579 
540 118 472 631 
548 169 480 675 
851 189 582 980 
864 198 616 
901 219 660 
937 234 714 
951 287 925 
1047 306 974 
1078 470 1215 
1088 477 1391 
1133 571 
1185 584 
1249 1665 
1307 
1418 
1422 
1601 
1619 
1842 
1990 
2156 
2411 
2510 
Juno 887 2131 18 699 1310 63 68 158 61 221 57 515 483 
1036 2577 43 1139 1584 75 71 167 179 339 181 
1620 2050 17 23 82 208 471 529 509 
1863 2830 20 29 148 243 478 562 
1865 60 37 188 277 579 
1982RA 115 124 236 462 661 
186 204 264 761 775 
192 258 394 811 798 
230 389 416 962 1087 
556 402 417 1245 1105 
622 421 519 1336 1148 
549 532 1350 1434 
686 1442 1604 
695 1711 
897 2052 
945 2111 
1644 2345 
Kassandra 2100 2035 1236 114 739 740 570 
2048 233 1251 1564 
2491 476 1693 
498 
606 
712 
725 
1284 
Lucia 282 213 222 
1576 
1581 
2010 
Odd and 1915 2735 1657 650 1724 958 
Unique 198OWF 1981LA 969 1439 
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Table 3.3 
Zone W Hungaria Flora MarsX Phocaea I Mysa Ila ID Koronis IlIa Eos IIIb Themis Cybele Hilda Trojan Other 
Group 
Psyche 336 475 83 46 216 406 276 223 65 153 617 279 
albedo, 1700 56 275 497 363 73 499 659 
>. 10 102 322 551 506 87 748 1173 
418 365 613 663 107 1162 
627 521 705 746 420 1212 
801 773 1001 522 1268 
873 1171 536 1345 
1275 643 1512 
790 1754 
909 1902 
1266 1911 
1390 2067 
2760 
Ps, he 132 1342 161 21 75 110 16 92 1556 Mdo 337 135 77 125 22 184 
(. 25 97 359 69 250 
). 10 201 860 338 382 
347 558 755 
367 1124 931 
771 1146 
785 1461 
Psyche 434 44 64 55 
albedo 
>. 25 
Psyche 1025 50 687 $36 768 190 
1103 2407 849 1180 
albedo 1355 1529 
unknown 1919 
1920 
2001 
2083 
2449 
Pallas 197971 317 1508 105 261 142 85 45 35 10 24 225 1209 2 654 302 750 134 59 47 48 62 229 2060 
1108 304 877 214 88 81 52 90 466 
313 1012 404 93 117 94 104 713 329 1076 405 173 360 137 171 733 335 1493 407 185 380 147 268 1028 442 1650 419 187 772 209 383 1154 554 1740 505 210 880 241 431 1177 757 1768 593 444 373 526 1579 1080 2081 751 907 381 946 1796 
2139 1021 423 996 2196 2278 1655 451 1445 
2279 469 1615 2809 483 1691 1981QF2 514 1815 
530 2405 
583 
618 
635 
648 
664 
702 
704 
762 
778 
786 
791 
805 
1061 
1625 
1794 
2379 
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Table 3.4 
Zone AU Hungaria Flora MarsX Phocaea I Nysa Ila IIb Koromis IIIa Eos, IIIb Themis Cybele Hilda Trojan Other 
Group 
Ceres 326 51 19 13 1 195 49 379 121 334 
914 131 34 38 238 89 168 
1963 345 58 41 386 95 414 
66 54 776 106 566 
70 '128 $04 120 1280 
78 146 130 1467 
98 156 159 
99 200 211 
109 206 350 
111 266 508 
144 410 511 
145 559 602 
194 821 640 
232 1981VB 
240 
344 
380 
429 
449 
1277 
1606 
Hector 308 2375 721 361 588 
1167 1038 624 
2208 1144 884 
2266 1256 1143 
2311 1269 1172 
1578 1583 
1746 1867 
1748 2207 
2246 2223 
2312 2241 
2260 
2357 
2363 
2674 
1975QD 
I 
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Six non-linear Groups can be determined, four of these are a progressive flattening of a basic curve, 
the remaining two arc more individual. 
The Asporia Group is relatively rare. The five examples in this classification are distributed through 
the Main Belt. These bodies have a distinctive steeply curving spectrum. The Juno type (S) of the 
traditional classification scheme separates into two groups. One with a steeper curved spectrum 
showing similarities to Flora is found in the Near-Earth asteroids and the inner Main Belt. 
The second, the traditional Juno qW, has a flatter spectrum and is more numerous in the Outer Main 
Belt though it is also concentrated in the Near-Earth asteroids. The boundary between these two types 
P 
is broad and some asteroids may be better placed in the other group, when additional observational 
data is available. It may be that the relative balance of the numbers in the AAA (Earth-Crossing 
Group) zone indicates that these were originally perturbed from the Main-Belt through collisions or 
gravitational interactions. 
The Kassandra Group are asteroids with a shallow curved spectrum. They are quite distinctive and 
easily separated from both the Juno and the Linear spectrum classes. Tley are most frequent in the 
middle zone, Zone 11, of the Main Belt, but the numbers identified arc insufficient to determine 
whether this is a real family grouping or just an effect of observational selection 
The final grouping comprise diverse bodies with similar spectra. Some are partially linear whilst 2010 
for example is non-linear. Tle common feature they have is that the colour indices at the red end of 
the spectrum are greater than at the blue end giving an apparently backward slope to the spectrum. 
Tables 3.5 and 3.6 give the classes of asteroid which have a substantially linear spectrum. The 
standard classification scheme gave Ceres and Pallas separate groupings and this was also found with 
this exercise. Indeed there is the possibility that a mid-Ceres/Pallas group also exists but the evidence 
was inconclusive. The distinctive features of these two Groups are that they both possess flat spectra 
but are UV-deficient. The depth of the UV deficiency determines whether a body is placed in the 
shallow Pallas group or the deeper Ceres group. Apart from a surplus of Pallas type in the Main Belt, 
both qWs are fairly well distributed in the asteroid belt. The Psyche-like group contains examples of 
both high and low albedo bodies. It is a Group that will subdivide into quite diverse types. For 
example consider the three bodies in the Nysa zone. 21 and 135 are low-albedo M types whilst 44 is a, 
high-albedo, E type. Insufficient precise albedo, data is available for most of this group to allow 
significant conclusions to be drawn. Many are classified as CIVIEU (or more recently X) which allows 
any of. the traditional classifications. On the basis of the eight-colour data however the C-type 
classification is not appropriate for these bodies. The spectrum is the opposite of that for 222 Lucia 
and shows a gentle increase in'the colour index as the wavelength increases. 
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The final Group contains bodies similar to the Trojan asteroid 624 Hektor. They occur in the Outer 
Main Belt and beyond. The colour curve is redder and has a steeper gradient than the Psyche group. 
The groupings produced in Section 3.4 represent a simplification of the classification by Bowell et at 
(1978) following a consideration of the effects of probable errors in the observed input parameters. 
This may be compared with the groupings derived in this new taxonomy. All the members of the H1 
class are found within the "new" Ceres-like group. Most members of the H2 class are found within 
the "new" Pallas-like group though 46 and 65 have been placed in the low albedo, Psyche-likc group in 
the new classification. H3 (E-type). The final Group contains those bodies which are similar to the 
Trojan asteroid Hektor, number 624. H4 and its sub-groups all are S-types in the current 
classification. In the new classification the members form the Flora-like and Juno-ae groups All 
members of the H4 group with the exception of 11 fall into the Juno group. H4a is equally split with 
17,29,230,532 and 887 belonging to the Juno group. H4b and H4bI fall into the Flora group with the 
exception of 192 which in the new classification remains with Juno. H5 contains Vesta which forms 
its own group whilst H6 contains 349 which is classified with Flora in the new system. 349 is an 
unusual case as it has a high albedo which influences its position in the "standard" scheme though its 
colour indices are normal for a Flora group member. 
This scheme has several advantages over the seven-parametcr classification. Each of the seven colour 
indices, referred to the v band, is independent of the others. This is not the case with the seven 
parameters of Bowell et al. where, for example, the Pmin is related to the albedo. The colour index 
results show that the separation of the Flora-like from the Juno-likc is real whereas this is not certain 
under the seven parameter scheme. The Hcktor-likc group can be shown to include a number of 
members in the main belt which are "classified" as U, unclassifiablc, in the normal scheme. However 
a disadvantage is that the Psyche-likc group cannot be subdivided without including the albedo data. 
Allowing for his latter, proviso both methods of classification are valuable. 
3.6 Rotation characteristics of the Classes 
Figures 3.10 to 3.12 show the rotation characteristics of the five largest classes derived by the 
calculations made in the last section. The figures are Plotted using data in the 1994 edition of the 
Ephemerides of the Nfinor Planets. The means and standard deviations for the complete sample and 
for the individual classes arc given in Table 3.8. If the members of a class share a common, 
evolutionary path then their rotational characteristics should mirror this. As some of the different 
classes will have a different evolutionary path it would seem likely that the rotational characteristics 
would show some variation between classes - this seems to be the case for the small data set currently 
availablc. 
An inspection of the figures shows that all five classes have basically similar characteristics. However 
the Ccrcs and Pallas classes have amplitudes 
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per day whilst some examples of the Juno and Flora classes have amplitudes of up to 2 magnitudes 
and maximum spin frequencies in excess of 5 per day. The Psyche type have intermediate amplitudes 
(up to 1.5 magnitudes) with maximum spin frequencies in excess of 5 per day. Though the sample in 
each class is relatively small there is no reason to believe it is unrepresentative since the whole area of 
the amplitudc-phase plot is equally accessible to measurement 
Table 3.8 Rotation Characteristics for the Sample and Classes from data in the Leningrad 
Ephemerides 
Mmn Soin Freauencv Menn Amnlitlirip. 
Class Day-I SD MaEn! tudes SD 
Ceres 2.296 ±1.026 . 196 ±-139 
Pallas 2.562 ±1.089 . 215 ±ý 145 
Juno 2.562 ±1.131 . 282 ±-122 
Flora 2.612 ±1.264 . 303 ±. 157 
Sample 2.652 ±1.407 . 310 ±120 
Psyche 3.614 ±1.516 . 360 ±. 235 
From light curve amplitudes Juno and Flom classes have very elongated members, the psyche class 
has some medium elongated members whilst the Ceres and Pallas appear more spheroidal in shape. 
Juno and Flora classes may have evolved further than the others - possibly through impact processes. 
3.7 Limitations of classification -A discussion of Surface Processes on Asteroids 
Asteroids are classified on the basis of observations from Earth. As we arc unable to probe a depth of 
more than at most a metre this refers to the structure of the surface . Just how reasonable is it to base 
Classification on surface properties? We may well be grouping together dissimilar bodies on the basis 
of similar surface characteristics. The fundamental parameters of mass, volume, density, and internal 
structure remain unobserved and largely unobservable from the Earth. 
To highlight the problem consider the three largest asteroids. The surface properties, determined from 
reflectance spectra of the largest, Ceres, are similar to those of carbonaceous chondrite meteorites. 
samples of the latter have been examined in the laboratory and appear to be undifferentiated. This 
implies that they condensed early in the Solar System history and remained unmodified from that 
time. Me next two largest bodies, Juno and Vesta, are both about half the diameter of Ceres bui 
appear to be differentiated bodies. Taken at face value it would seem that in the middle of the 
asteroid belt the conditions were not right for Ceres (a--2.8 A. U. ) to differentiate, yet were right for 
the smaller Juno (a--2.7 A. U. ) and Vesta (a--2.4 A-U. ). Wood (1979) gives a graph showing the 
anticipated rise in temperature of the Earth during its early accretion. The rise in internal 
temperature increases with size due to lower radiation, the surface area (from which heat radiates 
away) depends on r2 whereas the volume (and hence mass) depends on r3 giving a lower radiation per 
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unit mass. It is a reasonable assumption that Ceres will have reached a higher temperature during 
accretion than Juno or Vesta. Bodies smaller than about 50km may be either partially accrcted 
planetesimals or fragments produced by collisions. This Mars not to be the case for the larje-est 
asteroids which arc believed to be unmodified after the end of the accretion phase. 
There are several possible explanations to account for apparent inconsistency of the surface of Ccres. 
1. Intcmal rise in tcmpcrattire, for examplc by radionuclide Mating or cicctromapetic 
induction, may have allowed internal melting and differentiation but hcat loss to space or insufficient 
beat generation kept the surface temperature sufficiently low. to prevent differentiation. 
2. Tlle primary accretion phase produced a body that differentiated as did Juno and Vesta. A 
secondary, post differentiation, accretion phase occurred which spread primitive undifferentiated 
material over the surface. But there is no known secondary accretion phase on the surfaces of the 
planets or satellites. The bombardment phase which gave rise to the craters observed on the surfaces 
of the Solar System bodies has effectively ed over the s ace of those bodies but not added a turn urf has 
significant proportion of new material to the surface. 
3. Ceres has attracted post accretion debris which has spread a thin layer of prin-dtive 
material over the surface. It seems unlikely that this would have occurred on Ceres without some of 
the same effects being observed on the next two largest bodies. 
4. Ceres accreted more slowly than Juno or Vesta and the consequential rise in temperature 
, %-as much lower. This temperature was insufficient for differentiation. This seems unlikely since it 
requires conditions at the centre of the asteroid belt to be inhomogeneous. 
Ceres may be an original undifferentiated body whilst Juno and Vesta may represent 
fragments of larger differentiated bodies whkh were disrupted after the proto-Jupitcr accreted 
sumciently for its gravitational influence to affect the main asteroid belt such that major collisions 
prevented ftirther accretion and disrupted most of the major bodies. (see for example Hughes 1994) 
6. Meteorite evidence may not be relevant to asteroids. 
As none of the above seem convincing, what other processes could prevent the true character of an ' 
asteroid being deduced from the Earth? One possibility is that bombardment of the surface by 
meteoroids could result in localised melting and shock metamorphosis of the rock. If the rise in 
surface temperature were sufficicnt to melt a layer a 
few kilometres thick then differentiation may 
occur. A differentiated surface may overlie an undifferentiated interior. NUcrometeoroid 
bombardment will modify the surface as, to a lesser extent, will bombardment by protons and alpha 
particles in the Solar Wind. Larger meteoroid 
impacts may mask the true nature of the asteroid by 
reworking the surface completely. 
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The extent of melting during the accretion process can be assessed by considering the temperature rise 
from an impact. If the kinetic energy of the projectile is totally converted into heat then the melted 
area of the target can be determined thus :- 
Latent heat of fusion of rock --1.7 101 J kg mole-' as kg mole for a typical rock - 170kg 
Latent Heat of Fusion -104 J kg-I 
Specific Heat of rock - 800 J Kg-I OK-1 
Projectile velocity relative to target %0 km sec-I 
Kinetic Energy of Projectile 0.5 (5.103 )2 J kgl 
Assumed initial temperature of accreting asteroid 300 *K 4. 
McIting Point of Rock -13W'K 
Mass of astcroid mclted by impact of aI kg projectilc 0.5 (5.103 )2 / (800 103 + 103 
- 16 kg 
If the molten area is confined to a hemispherical bowl this result implies that the radius of molten 
matter will be 3.2 times the radius of the projectile. For small accreting bodies it is therefore unclear 
whether at any stage there will be complete melting and if this is the case then total differention to a 
heavy core, intermediate mantle and lightweight crust will not occur. 
3.8 Conclusion 
Numerical taxonomy applied to the eight-colour photometry data set recognises the same broad 
classifications derived by other schemes. Some 
. 
minor reclassifications may be appropriate - either by 
way of subdivision or combination. This characteristic is recognised for each scheme by Tholen and 
Barucci (1989). An example of this is the subdivision of the S-class into two parts. An inner type 
(Flora like) and an outer type (Juno-like) which are found to be separate in my scheme. 
To classify the greatest number of asteroids any scheme should rely on a few easily observed 
parameters. Further research is necessary to identify which are the most appropriate but it may well 
be that colour indices (such as U-V and V-R) and albedo may be the simplest. Colour indices may be 
directly determined at - the telescope. However there is no doubt that the more parameters measured 
(such as the eight-colour survey) the easier it is to produce a correct classification. 
Them is some evidence for a weak correlation between class and spin properties - 
However precise the observations are, they must be used with caution because they may well group 
bodies that are only superficially alike. Similar-sized bodies with similar surfaces 
-may 
well have 
undergone similar evolution but this may not be the case for bodies of differing sizes. Further 
research on the thermal and petrological history of small asteroids and planetesinmls is needed to 
address this problem. 
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4. Projectile Target Interaction -a new model for the 
evolution of Spin Rates and Spin-Axis Orientation 
Abstract 
A new model for projectilettarget interaction is derived from Newtonian mechanics by 
considering the target as a gyroscope. The model considers angular momentum transfer in 
terms of the modification to the value of the spin vector for the longitudinal component of the 
impact parameter and the orientation of the angular momentum vector for the latitudinal 
component. Tlus method overcomes the need for angular momentum loss preferentially in 
the direction of rotation which was a basic necessity of the earlier models curiently in use. In 
the short term a free precession is induced due to the misalignment of the angular 
momentum vector and the spin vector. Internal energy dissipation eventually damps this out 
and simple rotation with the two vectors aligned is the final equilibrium state. 
4.1 Introduction 
The evolution of the spin rates and axial orientations can be considered from two main viewpoints. 
Tidal interactions amongst the major planets have been used to account for the observed distribution 
of spin rates (Beletskii 1981), this method assumes that the planets formed by condensation. An 
alternative method assumes that after the formation of Goldreich-Ward planetesimals by condensation 
within the Solar Nebula subsequent planet growth is by collision and accretion. Harris (1979) has 
suggested a model for the collisional evolution of spin rates. Several modifications to this have been 
made and its latest form (Farinella et al 1992) provides an algorithm based on pure momentum 
U=der allowing fbr despinning by preferential inas loss in the direction of rotation. No model has 
been published prior to this work which considers the evolution of spin rates and spin axis 
orientations together. 
To be successful a model must be capable of explaining the observed spin frequency distribution and 
the high angular momentum contained in elongated bodies with high'sPin ftequcncics (see Farinella 
ct al 198 1). 
4.2 The rotation of a Rigid Body 
The precise form of most asteroids remains unknown though modern observation techniques (such as 
adaptive optics and speckle interfcromctry) have allowed the reconstruction of images of the larger 
asteroids. At the time of writing the Galileo spacccraft has returned images of 951 Gaspra and 243 Ida 
which appear to confirm the earlier assumptions that asteroids are. similar in conformation to the 
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Martian satellites. Various models exist which derive theoretical equilibrium shapes in tcms of fluid 
or semi-ftuid matter. It is plausible that during the accretion stage they became suffimently hot to I 
mcit, either due to the conversion of the Idnetic energy of impact to heat or else radionuclide heating 
due to the decay of short lived isotopes. As it cools, the asteroid will solidify. T'hough it will deform 
under stress it will behave, at least over short timescales, as a perfectly rigid body when considering 
the case of rotation with no external torque applied. 
A third phase of evolution may well occur where subsequent collisions within the asteroid bclt result 
in astcroids that arc partially, or completely, fragmented (Davis et al 1989). These 'n"le-pilc' 
asteroids will behave as a hybrid between fluid and solid bodies. The degree of interlock between 
fragments will decide whether a body behaves as a pseudo-solid or a pscudo-fluid body. 
Tic rotation of a rigid body is a standard case in dynamics. The angular momentum, L, of which is 
tb, c sum of the angular momenta of the particles forming that body. 
Li = (ri A xrý- v ... 4.1 
which in general ternis is 
Li = ý- . Coi 
4.2 
where 
Li = The angular momentum about the i axis 
The moment of inertia about the i axis 
The angWar rotation rate about the i axis 
If no external torque is applied to the body then angular momentum vector remains constant. 
A regular asteroid has three mutually perpendicular inertia axes, denoted as. XP Yp and Zp . By 
convention the ZP axis is the major principal axis and 
it is about this axis that the body's moment of 
inertia is a maximum. Pure rotation, that is when the angular velocity vector is aligned with the 
angular momentum vector, can only occur about one of the principal inertia axes. Rotation about two 
of these axes is an unstable equilibrium so that any disturbing influence, for example because of the 
imperfect rigidity of the body, will lead to misalignment of the two vectors. Energy dissipation, 
produced by flexure of the rocky crust for example, will ultimately lead to pure rotation about the 
major principal axis. The time for this alignment to occur has been discussed in Chapter 1.4. 
In rotation which is torque free, the kinetic energy of rotation 
is given by 
1: 0.5. li. (ot2 ... 
4.3 
H, 3 
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which can be expressed in tenns; of the angular tno=ntum (L) using equation 4.2 as 
T=Z0.5. Lj2 /k... 4.4 
Lamy and Bums 1972 
ubcre 
Li is the sum of the angular momenta about the principal axes. i. e. the value of the angular 
momentum vector 
ý is the moment of inertia of the body about the direction of Lq 
T reaches a minimum when I has a maximum value and occurs for rotation about the principal axis of 
inertia. The minimum energy state for rotation of a solid body with a given angular momentum, L, is 
for rotation about the principal axis. Since real bodies are not perfectly rigid there will be energy 
dissipated by internal flexure which will ultimately result in alignment of the angular momentum 
, vnector and the principal axis of inertia to give a pure rotation. 
If the axis of rotation does not coincide with one of the principal axes then the body vvill perform a 
coning motion. The Zp axis (defined earlier) will prcccss about the angular momentum vector and, at 
the same frequency, the axis of rotation will also precess about L (Figure 4.1). Conservation of 
angular momentum for this precessing state requires L, co, and Zp to lie in one plane (Curdt and 
Keller 1988). 
4.3 External forces acting on a rotating body 
A rotating planetary body should be considered as a gyroscope. Though this analogy is regularly 
applied to atomic particles and to inertial guidance systems it is not generally applied to planetesimal 
sized bodies. This application of this analogy is a standard case in text books (e. g. French 1971). 
The presence of a source of external torque, for example a satellite, may introduce a gyroscopic 
precession - an example of which is the 25800 year Luni-Solar precession period for the Earth. In 
general terms a constant external source of torque is considered - e. g. the earth's gravitational field 
acting on a gyroscope or the Sun and Moon acting on the Earth. However current models do not 
consider that an instantaneous torque is applied during the impact of one body on another. 
The mechanism of planet growth is the accretion of planetesimals. The basic mechanism is the 
collision of rotating non-rigid bodies. 'Me change in translational motion and direction of the 
planetesimals satisfies the law of conservation of momentum. The magnitude of such change depends 
on the relative masses of the bodies, their relative velocity and the impact parameter. In addition there 
is a change in the angular motion of the bodies which depends on the same parameters plus the 
angular momentum already possessed in the system (the total angular momentum of the system will 
SDin Vector 
x ads 
Aomen= Vcctor 
)r precesscs about 
ir Momentum 
i rate Q 
yx 
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Figure 4.1 - Rotation Geometry for a freely precessing body 
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be conserved). The latter could lead to a change in the spin frequency or axial orientation of the 
bodies or both. If there is a misalignment of the angular momentum vector and the angular velocity 
-, wor introduced by the impact then a coning motion will be introduced which will be damped out 
due to internal friction in a timescale approximated by equations 1.2 or 1.3 (see Figure 4.2). 
Using the method of McAdoo and Bums (1974) a spherical body of 1000 km diameter is estitnated to 
have a damping time -0.2 Myr, this increases to 20 Myr for a 100 kIn diameter body whilst a 
planetesimal of 10 km, diameter has a damping time of 2000 Myr. ncsc figures are only 
approximations and could be in error by a factor of 10. They do indicate tha4 if collisions have been a 
significant factor in the evolution of the Solar System thcn7the smaller asteroids may not have. had 
suffficient time for the angular momentum vector to align with the principal axis. - We would thus 
e: rpect to observe examples of the small bodfes which still show precession. 
For a uniform density spherical body of mass M and radius a 
I=0.4. M. aý .... 4.5 
In the rest frame Of the target the projectile has linear momentum 
P=M V ... . 4.6 
where 
m= projectUe mass 
v= velocity of projectile relative to target 
From Newtores Third Law -F= ra a . 4.7 
so the impulse given to the target is equal to the change in linear momentum 
8p ... 4.8 
An impact between the projectile and target will produce several effects (see Figure 4.3). 
The two bodies will either coalesce or else continue in motion separately. Linear 
momentum wiU be conserved. 
2. -fbere will be a change in the spin of the bodies after the impact from conversion of 
angular momentum associated with the parallel component of the impact parameter. 
(Ms is basically the longitude of the impact on the asteroid) 
3. There will be a change in the orientation of the angular momentum vector. This 
results from the perpendicular component of the impact parameter (the latitude of 
the impact). Previous models have calculated the resultant vector assuming that it is 
derived by vector addition of the two perpendicular components (see Figure 4.4). 
The change in orientation is given by 
6ý = 8p / LO .... 4.9 
The total angular momentum of the systcm will be conscrvcdE 
Line of 
Impact 
a) Impact off centre in longitude results 
in a change in the wdal spin rate 
Line of 
Impact 
b) Impact off centrc in latitude on a 
non-rotating body results in spin 
perpendicular to the polar a-ds 
Line of 
Impact 
c) En. pact off centre in latitude on a 
rotating body resWts in a change 
in orientation of the spin wds 
Figure 4.2 - TU effect of projectile Collisions on target asteroids 
Line of Imp,, 
r cos 0- longitude impact parameter 
rsinp - latitude impact parameter 
Figure 4.3 - Geometry ofprojectile/Mget interaction 
For simple rotation the Angular Mommum Vector, L, and the 
spin vector, cD, align with the z a7ds 
F 
"*ý 
G `drý 
F=m. v wbere rn is the mass of 
the projectile and v its velocity 
G=rAv wNch is the mornent of 
the impact force 
Note that the moment of the force 
is at rigbt angles to the impact 
force. . 
CD 
r 
/ 
Centrc ofNbss of Targct 
6 
Figuic 4.4 - The vector geometry of projectile collision with a rotating asteroid 
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4.4 Free-Precession 
For a non-rigid body - i. e. an asteroid - the change in the orientation of the angular momentum vector 
(L) win occur virtually instantancously. Flexure within the body allows the direction of ZP to remain 
constant The direction of the angular velocity vector will also change. There will therefore be a 
coning motion such that ZP and the angular velocity vector precess about I. By this mean angular 
momentum is conserved. Energy dissipation within the body, caused by flexure, will result in a 
reduction of the coning angle and the orientation of 2ý ana the angular velocity vector will realign 
with the orientation of L in the timescales indicated above. [Space platforms make use of special 
dampers to ensure that this re-alignment occurs in very short timescales -a description of the dampers 
used on the Giono mission is given by Fertig, Marc and Schoenmackcrs (1988ý1 
if the new body is altered by the accretion- such that- the axis of symmetry and the principal inertial 
axis do not align then a 'wobble in the rotation is introduced. Impact melting and the spread of ejecta 
across the surface. of the target will minimise this effect- Rubble pile or pseudo-fluid bodies will re- 
34just their shapes in very short timescales, this may not occur with rigid bodies and it is possible 
that a modulation of the light curve due to this effect might be detectable. The amplitude of such a 
modulation will probably be less than 1% and as such it is unlikely to be detectable by earth based 
observatories. This is shown to be the case later in this work. 
Simple models assume the shape of the minor bodies in the Solar System are triaxial ellipsoids. 
nough those bodies observed directly are not truc ellipsoids they can be approximated to such shapes 
for theoretical studies. Most models assume that there is an axis of symmetry such that two of the 
moments Of Inert'a Of the body are equal- Whilst this is Only true for spheroidal bodies obscrvatlon 
suggests that most of the minor bodies have two dimensions which differ by less than 1 Y,. 0,30 This is a 
sufficiently close approximation for the models in use at present. The assumption that the bodies 
perform as though they are rigid is valid only for consideration of the final aligned, e. g. damped case. 
Light curves measured from Earth are consistent with the conclusion that the spin of asteroids can be 
considered in terms of pure axial rotation. If the spin vector is not aligned with the anguW 
momentum vector, precession of the spin vector about the angular momentum vector occurs. In the 
absence of an external torque the precession is termed free precession. The frequencies for a 
spheroidal body can be described by 
il=. (Ivl -1). co COSCL .. 4.10 
(from Fowles 1981) 
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where 11 = rate of precession of the angular velocity vector about the a2ds of symmetry 
4= I= the moment of inertia about the symmetry axis 
I Ixc = ýy moment of inertia about the axes normal to the symmetry 
o) angular speed 
a= the angle between the sym=try axis and the, axis of rotation 
The remaining expression to describe the orientation of the axes is 
tan 0= 1/4 * tan cc ... 4.11 
where 
0 is the angle between the angular momentum vector and the symmetry axis (Fowles 198 1) 
it can be seen that following an impact the spin vector does not remain aligned with the symmetry 
axis (see Figure 4,1). For asteroid shapes, the ratio D% lies typically in the range of 0.3 to 3. Tlis 
implies that for values of a close to 0* and 90* 0 is apprmcimately equal to a. For mid range values 
they can differ appreciably. This is considered finiher in Chapter 6. 
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5. The Collisional Evolution of Spin Frequency and 
Orientation of the Angular Momentum Vector during the 
accretion phase of asteroid evolution 
Abstract 
in this chapter the collision model derived earlier is applied to accretion by asteroids. When 
the observed spin frequency distribution of the asteroids is modelled it is shown that the spin 
axes of the asteroids should be aligned randomly. Though the number of known orientations 
of the axes of rcal asteroids is small, the calcylated result appears to be in line with 
observation. 
5.1 Review of Previous Models 
The accretion of planetesimals to form larger bodies has been considered extensively (e. g. Wcthcrill 
1989 and Ruzmaikina et al. 1989). During the early stages of accretion encounter velocities are low, 
since all orbits are similar, -1 km/scc and accretion occurs with little shock modification to the target 
(Hartmann 1978). However the encounter velocity is pumped up, by gravitational interaction, to a 
value -5 km/sec during the early stages as near misses modify the orbits of planetesimals. Later in 
the evolutionary process high velocity impacts between similar sized bodies occur and the subsequent 
fragmentation becomes a dominant factor and this is considered in 5.4. 
The angular momentum of the projectile is added to the angular momentum of the target since 
angular momentum is conserved. The typical size of planetesimals is - (I - 5) km (Goldreich and 
Ward 1973). At the later encounter velocities the orbital angular momentum (i. e. "translational") of 
the projectile is of the order of 103 that of the rotational angular momentum It is thus a reasonable 
simplification to ignore the effect of rotation of. the projectile. 
Collisional models for the evolution of spin frequency have been developed to simulate the observed 
spin frequency distribution of the asteroids. The basic model (Harris 1979) uses projectiles selected at 
random to alter the angular momentum of the target In these models the impact produces two results. 
-Ibe impact parameter - i. e. the impact longitude - serves to either speed up or ieducc the spin 
frequency depending on the sense of the impacL The second result depends on the latitude of the 
impact. In the current implementations, which have been developed from that of Harris, the resultant 
momentum is treated as the vector sarn of the two components and the net effect of this is always to 
increase the spin frequency (i. e. to speed up rotation). Increasing the spin frequency will ultimately 
lead to disruption of the target once the equatorial rotation stress reaches its ultimate Tensile Stress. 
To prevent this end result, the model has been modified to allow angular momentum to be removed 
from the target 
by ejecta loss (Dobrovolskis and Bums 1984). Ejecta loss occurs when its velocity 
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ey=r, ds the escape velocity of the target, the velocity of the ejecta is greater in the direction of rotation 
of the asteroid since velocities are added. A modified version of this model is used by Binzel (1986). 
The orbital angular momentum of the projectile is considered as a linear momentum in current 
modelling of projectilettarget interaction. Davis et al (1989) in their model consider that only a 
portion of the projectile! s momentum modifies the angular momenturn vector of the target. They use 
the experimental results of Fujiwara et al (1989) which showed that this proportion (the Transfer 
cocfricient) is between 0.01 to 0.3. 
5.2 A Revised Model 
in Chapter 4 consideration was given to explaining projectilettarget interaction in terms of 
gyroscopics. The use of this is developed further below when a simplified model of the accretion 
growth of asteroid is used to calculate the expected spin frequency and spin-axis orientation 
distribution. The objective of this exercise is to show the anticipated distribution of the spin 
orientation when the observed spin frequency distribution is modelled. 
1. Assumptions 
in this model the perpendicular component is considered as acting to modify the orientation of the 
angular momentum vector (Figure 5.1ý 
Scvcral simplifications were accepted. Given the limited computing power available the aim was to 
illustrate cffects rather than to provide quantitative solutions. Assumptions a, b, and c have been 
introduced to simp* and speed computation. Assumption d is made since only major catastrophic 
impacts will produce significant mass loss - smaller impacts will disturb material which will 
eventually return to the target under gravity. Assumption e has been introduced since in this model 
short term Erce-precessional cffects are not a maJOr 
itcm- The aim Of this model is to illustrate that a 
random orientation of spin axes is to be expected 
if Collision has been a factor in the evolution of the 
asteroid belt. For spherical homogeneous bodies precession is not detectable and so need not 
be 
considered (see Chapter 6). 
a. All projectiles come from a single 180 degree sector 
This assumption allows for a spread of impact angles but only from bodies in direct orbits. A 
projectile in a retrograde orbit is not allowed. 
This assumption is reasonable as the early rotating gas 
cloud will spin in a single direction - this is analogous to the rotation of the 
bath water round the plug 
hole. Assuming that the gas cloud has laminar flow prior to condensation then each particle will 
rotate about the Centre of mass in the same sense. 
Retrograde orbits would be unstable as any body 
would be subject to perturbations from the major planets which Would serve to modify the orbits such 
Qj.. is the clmngc in orientation of the 
Targct due to the latimdinal component of the 
Proj=flc inTact 
Projectile 
Mass =M 
Velocity =v 
momentum 
Target - Mas! 
Radi 
ImpWse F dt 
(reprcscntmg me clange 
in firicar momentum of 
the projcctile) 
r cos P is the latiftKlinal impact parameter 
which causes a change in the orientation of 
the spin axis 
r sin P is the longitudinal impact paraWcr 
which causes a change in the axial spin rate 
Fig= 5.1 - Geometry of projcctilcharget irderaction used in equations 5.1 and 53 
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that a collision with a body would occur or it would have its orbit modified to a more stable prograde 
orbit would result or else the body would be ejected from the Solar System. 
b. All modifications to the orientation occur in the plane containing the Sun and 
Astcraid. 
7Ibe nett effect of this is that model changes in orientation are only considered in a single plane at 
right angles to the assumed projectile approach direction. This will produce a greater reorientation 
than is likely to occur in practice. The target asteroid will usually either approach or be overtaken by 
a projectile in a similar orbit. In a real impact the range Of4angles at which the collision occurs could 
in individual cases deviate from this considerably, however the majority of impacts will occur at the 
assumed angle as most of the planetesimals will travel in similar orbits of low eccentricity at the early 
stages of accretion. However as shown by Hoyle (1978) during the later stages of evolution the range 
of eccentricities of orbits can be large which would render this assumption questionable as and the 
direction of approach can differ significantly from "head-on". It is shown later that as asteroids 
accrete, the spin axis modification due to an individual impact reduces. .I 
c. Each trial ran uses impacts by projectiles of a single mass 
This simplification was accepted again as the objective of this study is to identify trends and not 
provide a definitive solution which models the true evolution. The mass of the projectile is defmcd in 
terms of a fraction of the initial mass of the target. 
d. The projectile and target coalesce and there is no significant mass loss. 
This is a simplification which should be valid for non-disruptive impacts. since the observed 
asteroids are discrete bodies they either represciit non-disrupted bodies or else fragments of previously 
larger bodies. To have mass loss, sufficient energy input is required to disperse fragments to infinity. 
Less input energy will mean that, with the passage of time, gravity will result in a recombination of 
the fragments. The target mass is reinitialised to include the mass of the projectile prior to the next 
inVacL A simplified version of planet growth is modelled and as disruptive fragmentation is not 
considered this scenario is only applicable to the early stages of the evolution of the asteroids.. 
c. The effects of short term misalignments; of the orientation of the angular 
momentum vector, the angular velocity vector and the direction of the minor axis of 
the sphcroid are not considemd. 
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This assumption implies that the body relaxes to the state where the orientations have aligned. This 
occurs instantaneously for a rigid body but can take long periods for semi-rigid and fluid bodies (as 
considered in Chapter 1). 
2. Starting Parameters 
Target Initial Conditions - 
(assumed) 
Radius 
Density 
Spin Frequency 
a) 
Angular Momentum Vector Aligmnent 
(taken as perpendicular to the invariable 
plane) 
I 
L 
Aitigns Rrjc&gjj1ejnjtfial CCogn 
Mean Velocity of Impact 5 km sec"I 
12.5 km 
3000 k2 m73 
A 
3 day' 
0.000218 mdians sccl 
0 radians 
0.4 *M * R2 
I 
SD of Mean 0.5 km sec-I (Normal Distribution assumed) 
These values are derived from ip (1977). Bottke et al (1994) re-examincd this distribution. They find 
that though the mean value given above is reasonable it is raised by a relatively few high velocity 
collisions such that the most likely collision velocity is 4.4 Km/sec. The higher mean velocity and 
standard deviation have been retained as the results can then be related to those derived by Binzel and 
ilarris. The mass proportion and the total number of projectiles used in each simulation are selected 
by the uscr. 
3. Impact Efficts 
In . this model the target is considered to possess both translational and rotational energy in a 
hcýoccntric coordinate system. The projectile is assumed to have only linear (the rotational energy of 
re tiý vc us small bodies is significantly smaller fl= the translational energy at the la e locities co idered 
<10). 
Ile bodies are both in orbit around the Sun. They therefore have angular momenturn both by virtue 
of their orbital motion and their wdal rotation. In this model, since w ar only ncern we ,ee co ed ith th 
instant of collision and the resultant spin, the orbital angular momentum is considered in terms of 
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linear momentum. The translation portion is not considered fin-ther. The portion which results in a 
change of rotation momentum for the target is expressed as a trans er factor multiplied by e line f th ar 
momentum and the impact parameter. The last two have dimensions ULTI and L and so have the 
same dimensions as angular momentum. 
Lin,,, ý m. vs.... (5-1) 
where Limp Angular momentum transferred 
Transfer Efficiency 
v= Relative Velocity of impact 0 
s= Impact Parameter (R cos(O)) 
C=f. CoSh(o) .... 
(5.2) 
where h= this index is a parameter determined expcrimcntaRy 
() = Impact angle to the surface of the asteroid at the point of impact 
f= Partition factor betwecn orbital and rotational 
angular momentum. The value of this factor is determined by comparison 
between calculated values and the observed spin frequency distribution. 
has been determined experimentally by Fujiwara and Tsukamoto (1981) who determined that for 
impact angles of 600 ý was 0.1 and hence h-3. Schultz and Gault (1986) determined a value of 0.1 
for ; at impact angles of 751 implying that h -1.7. A value of 1.7 has been used in this study and this 
value is confirmed by Yanagisawa et. al (199 
1). 
-Me factor f bas been introduced in this study t6 make allowance for the transfer of orbital momentum 
from the projectile to rotational momentum of the resultant body. For fully rigid bodies with no 
internal friction this factor would be very small. Ile net result of a collision would be a pure transfer 
of orbital momentum. Nett rotational momentum arising 
from orbital momentum would tend to 
cancel as the projectile and target would each acquire rotational angular momenturn of an equal value 
but in opposite senses, if coallescence occurs then these will cancel. For viscous fluid bodies the value 
of f would tend to I and virtually the whole value of the angular momentum of the projectile would 
be 
converted to rotational angular momentum in the system. 
The effect of changing the value of f is 
considered later in this study. A default value of 
0.05 (implying a relatively rigid target) is found to 
produce a satisfactory model though this 
is an order of magnitude lower than the experimental value 
derived by Yanagisawa et al. 
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The paraflcl component of Liw is added to L. (the original angular momentum of the target) and the 
new spin frequency determined from this value and new mass (target plus projectile), radius ctc. 
71te perpendicular component of Li. is used to determine the change in ft orientation of the target 
angular momentum vector 
Ochange = tan-l(ý. Ný. Vp. Rt. sin(P)ALO) ... (5.3) 
where Odg. = the change in target orientation of the 
angular momentum vector in radians 
MP Projectile Mass 
VP Projectile Velocity 
Rt. sin (P) = Perpendicular impact parameter 
L, Existing Angular Momentum of the target body 
Rt Target radius 
5.3 Results and Discussion 
The test for the model was that the results should, as far as possible, be similar to the observed spin 
frequency distribution. The sample of 505 real bodies given in the Asteroids H database gives the 
following result for the spin frequency (day-1). 
max Min Mean SD 
10.5580 0.0209 2.778 1.678 
(1566) (288) 
tfistograms of the data are given by Binzel, et al (1989) which illustrate the sharp peaks in the 
distn-butioiL These do not easily fit a simple distribution function and so the meaning of the SD is 
problematic. As the data set is relatively small when compared to the total population it is possible 
that the data is biassed by selection cffects. The most probable value Of the 
histogram set is 1.25 
revolutions per day though the sample size is small and any v-due 
between 1.25 and 3.25 couls be 
realistic. More realistic is the value of the best fit Maxwc1liark distribution 
derived by Binzel which 
yields a probable value of approximately 2.2 revolutions per day. 
ThrCC cxercIscs were carried Out tO lnvest'gate suitable values 
for the transfer efficicnCY arid the 
projectile size to use. The results are summarised in Tables 5.1 to 
5.3 and the acconpanying graphs. 
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Table 5.1 (see Figure 5.2) The cffect of single impacts to targets different starting mass ratios 
Starting Conditions 
Transfer Efficicricy . 02 [cos(6)Jh- 
Initial Target Spin Frequency 3 revs day-' 
initial orientation 0 radians 
Number of Projectile blipacts 1 
Mass Proportion of Projectile varies 
Number of Cases for each distribution 4000 
Spin Frequency 
Login Mass Absolute Values 
proportion Mean SD Max Min Max Min 
.12.9609 3.831 15.301 -9.771 3.9479 2.803 
-2 2.991702 . 38834 4.249 1.796 
-3 2.998275 . 038714 3.124 2.873 
-4 2.997756 . 003806 3.010 2.984 
-5 2.997717 . 000388 2.999 2.997 
-6 2.997716 OOW37 2.9978 2.9976 
-7 2.997718 . 000004 2.99773 2.99770 
Angular Momentum Vector Orientation 
Login Mass Absolute Values 
proportion Mean SD Max Min Mean SD 
-1 0.0200 1.1296 1.4840 -1.4805 1.0560 0.4024 
-2 -0.0029 0.3602 0.8081 JJ. 8097 0,2958 0.2057 
-3 0.0000 0.0393 0.1014 -0.1066 0.0313 0.0237 
-4 0.0000 0.0040 0.0112 -0.0104 0.0032 O. W24 
-5 0.0000 0.0004 O. Wil -0.0011 O. OW3 O. WO2 
-6 0.00w 0.0001 0.0001 -0.0001 0.0000 0.0000 
-7 O. W00 0.00w 0.0wo 0.0000 0.0000 0.00w 
Change in Spin Frequency caused by a single projectle Impact 
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Initial Spin Frequency of Target 3 revs/day 
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log mass of proiectile 
mass of target 
Figure 5.2 - Plot of the maximum and minitnum spin frequencies generated by a single 
projectile impact on a tnet asteroid initially with a spin ftequcwy of 3 revs/day. 
4000 individual cases were calculated for each mass fraction of projectile. 
A momenturn transfer CfficiencY of 0.02 (cos Orh has been used (see teNI) 
The mean spin frequency after the impact is given in Table 5.1 (--2.99revs/day) 
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Table 5.2 (see Figure 5.3) The effect of single impacts to targets different starting mass ratios 
Transfer Efficiency 0.05 (cos(O))h 
Initial Spin Frequency 3 revs day-' 
Initial Orientation 0 radians 
Number of Impacts 1 
Mass Fraction of Projectile Varies 
Number of Cases for each distribution 4000 
1A)g,, Mass 
proportion 
.1 
-2 
-3 
4 
-5 
-6 
-7 
LDgl, ) Mass 
proportion 
-1 
-2 
-3 
-4 
-5 
-6 
-7 
Spin Frequency 
Absolute 
Mean SD Max, Min Mean 
3.0350 2.6307 35.4671 -27.3920 7.8186 
3.0121 0.9572 3.2139 -0.0717 3.0122 
2.9960 0.0964 3.3081 2.6962 
2.9976 0.0095 3.0279 2.9661 
2.9977 0.0010 3.0007 2.9947 
2.9977 0.0001 2.9980 2.9974 
2.9977 0.0000 2.9978 2.9977 
Angular Momentum Vector Orientation 
Mean SD Max Mn 
-0.0219 1.3176 1.5361 -1.5319 
-0.0072 0.6731 1.1911 -1.2151 
-0.0018 0.0989 0.2488 -0.2742 
-0.0006 0.0101 0.0266 -0.0260 
0.0000 0.0010 0.0027 -0.0027 
0.0000 0.0001 0.0003 -0.0003 
0.0000 0.0000 0.0000 0.0000 
Absolutc 
Mean 
1.2709 
0.5804 
0.0791 
0.0081 
0.0008 
0.0001 
0.0000 
Values 
SD 
3.3900 
0.9571 
Values 
SD 
0.3485 
0.3409 
0.0593 
0.0061 
0.0006 
0.0001 
0.0000 
Change in Spin Frequency caused by a single projectile impact 
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Figure 5.3 - plot of the ma)dmum and minimum spin frequencies generated by a single 
projectile impact on a target asteroid initially with a spin frequency of 3 revs/day. 
4000 individual cases were calculated for each mass fraction of projectile. 
A momentum transfer efficiency of 0.05 (cos 0), "'h bas been used 
Ille mean spin frequency after the impact is given in Table 5.2 (-3.00revs/day) 
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Table 5.3 (see Figures 5.4 and 5-5) The effect of different values of the transfer factor 
1ý 
Transfer Efficiency 
Initial Spin Frequency 
Initial Orientation 
Mass Fraction of Projectile 
Number of Impacts 200 
Initial Target Mass M 
Factor * (cos(O))h 
3 revs/day 
0 radians 
0.01 
Number of Targets tested 
Final Target Mass 
200 
3M 
[M(I+ 200 x 0.0011 
4ý 
Spin Frequency 
Transfer Absolute Values 
Factor Mean SD Max Min Mean SD 
0.0005 0.4810 0.0270 0.5660 0.4110 
0.001 0,4860 0.0530 0.6256 0.3507 
0.002 0.4940 0.1090 0.7620 0.1733 
0,005 0.4700 0.2680 1.1523 -0.2039 0.4709 0.9528 
0.01 0.5160 0.5570 2.6603 -0.8314 0.6220 0.4431 
0.02 0.5250 1.1970 3.2926 -2.5371 1.0900 0.7246 
0.05 0.1380 2.4200 3.1630 -8.9810 1.8580 1.4836 
0.1 0.9540 3.1120 19.1874 -21.9316 4.8790 3.7684 
0.2 0.6883 10.9190 28.0840 -30.9170 8.4409 3.9277 
0.5 -1.2020 28.3580 93.6007 -68.9731 22.2601 17.1732 
1.0 0.4210 53.8350 170.3020 -162.3020 44.4153 33.2319 
Angular Momentum Vector Orientation 
Transfer Mean SD Max Min Absolute Values 
Factor Mean SD 
o. 0005 4). 0050 0.1660 0.3880 -0.4070 0.1340 0.0960 
0.001 -0.0099 0.3560 0.8821 -1.1045 0.2830 0.2200 
0.002 0.0310 0.7460 2.1940 -1.8380 0.5ý83 0.4649 
0.005 -0.3820 2.8330 7.3200 -15.7700 1.9916 2.0777 
0.01 0.1880 5.2700 20.0480 -20.5950 3.7207 3.7367 
0.02 0.7970 7.6560 25.3276 -22.3795 5.5484 5.3025 
0.05 0.7870 9.6350 37.1169 -35.2189 7.3965 3.3156 
0.1 0.5780 9.6000 30.1812 -25.0467 7.3705 3.2912 
0.2 -0.4992 8.5981 22.2340 -29.7570 3.8271 5.2663 
o. 5 -0.2600 9.7780 24.6346 -30.8537 7.7996 3.0106 
1 -0.2050 9.4960 30.7986 -23.0811 7.5456 5.8197 
From Tables 5.1 and 5.2, where only a single projectile impact is considered, it can be seen that a 
reasonable approximation to the observed spin 
frequency and standard deviation of the observation 
sample is given when the mass of the projectile 
is in the range 0.1 to 0.0 1 times the initial mass of the 
targeL Table 5.3 supports a view that the cfficiency of tranger of angular momentum from the 
projectile to the target is of the order of 
0.05 * (cos(O))h to give -the required observed standard 
Change in Spin Frequency (in revs/day) caused by projectle impact 
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Transfer Efficiency Coefficient 
frIgure 5.4 - plot of the ma3dmurn and mininuun spin fiWwricies generated by 200 
projectile impacts on a target asteroid initially with a spin frequency of 3 revs/day. 
200 individual cases were calculated for a mass fwfion of projectfle equal to 0.0 1. 
A momienturn transfer efficicncY of x (cos q)Ah has been used and the value of x 
is plotted on the x-wds 
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deviation and this is therefore the value adopted for the remaining calculations in this Chapter. It 
should be remembered that the tabulated results of observations do not distinguish between prograde 
or retrograde rotation and that the absolute values from the calculations therefore have to be used in 
any comparison with the observed distribution. The maximum and minimum values derived are also 
similar to those known from observation which was a prerequisite of the exercise. Calculations by 
Weidenschilling (1981) suggest that the strength of materials which make up asteroids will not allow 
a higher spin frequency than about 12 revs/day without disruption. Exact modelling of the observed 
values is not to be expected from this exercise due to the generalised, assumptions made earlier. 
The effect on the orientation of the angular momentum vector is dramatic, Values of 2*x or greater 
are easily generated. Indeed it can be seen that the primary modification to an accrcting asteroid is to 
the direction of the angular momentum vector. The damping time for realignment of the spin axis 
, with the angular momentum vector has been considered in earlier chapters. 
5.3.1 A=etion 
As an additional check a series of calculations was performed to follow the growth of asteroids by 
accrCtion. The projectiles chosen were single sized and 0.01 times the initial mass of the target. The 
growth of the target from an initial mass of M to 2K 5M and IOM is summarised in Table 5.4. It is 
seen that the spin frequency is substantially modified about the mean during the early stages of 
accretion but that as the target grows the effect of the projectile momentum diminishes as the addition 
of mass becomes the significant factor involved. The result is that as the target grows the mean spin 
fi. cquency diminishes and so do the maximum and minimum values. Real asteroids will not mimic 
this result exactly as the mass of successive individual projectiles will vary in accordance with the 
distribution of bodies in the accretion zone. In the model considered here, the projectiles are single 
sizedwhich means initially they have a mass 
fraction of 0.01 which reduces in the final stage to a 
fraction of 0.001. 
It has been suggested that the observed rotation rates of asteroids arc indicative or initial conditions at 
the time of the f6rmation of planetesimals. The calculation of the growth of targets suggests that the 
mean observed spin frequencies are probably 
lower than those of the original planetesimals due to the 
nett spm down as mass accumulates. [Pulsars on the other 
hand tend to spin up by accretion, this can 
be explained as material spirals in to the star from a single preferred direction aligned with its 
equator. Conservation of angular momentum will speed up rotation of the pulsar (in the same way as 
the spinning ice skater illustrates the rule). ] 
The orientation results obtained here suggest that any sample Of asteroids should have angular 
nlomenta directed randomly in space. 
Few polar orientations have been determined and even fewer of 
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these arc known reliably. However the indications given by Magnusson (1989) arc that the polar axes 
known arc aligned at random. 
Table 5.4 
Initial Spin Frequency 
Initial Orientation 
Mass Fraction of Projectile 
Number of Targets tested 
3 revs dayl 
0 radians 
0.01 
4000 
(due to computer memory restrictions only 200 
targets were calculated for 100M case) 
Spin Frequency 
Final No of Absolute Values 
mass Projectiles Mean SD Max Min Mean SD 
2M lw 0.9420 3.5468 11.8772 -13.1016 2.9226 2.2193 
5M 400 0.1616 1.9154 7.0886 -3.9287 1.5350 1.1570 
10M 900 0.1050 1.0890 4.1689 -3.9185 0.8688 0.6648 
loom 9900 -0.0148 0.1428 0.3643 -0.3825 0.1177 0.0822 
Angular Momentum Vector Orientation 
Final Projectile Absolute Values 
Mass Number Mean SD maximum Minimum Mean SD 
2M 100 -0.0394 3.8706 30.9021 -25.9785 5.2292 4.4567 
5M 400 0.0674 11.4566' 54.1347 -50.6006 8.7391 7.4086 
lom 900 -0.2898 15.1051 95.7305 -72.6782 11.5060 9.7908 
loom 9900 0.9884 31.1450 113.0730 87.5764 22.6294 21.4219 
A plot of the observed spin frequency vs, diameter is given by Binzel et al (1989). This illustrates a 
trend to despinning of asteroids as the mass increases. However they also present running mean plots 
which illustrate that mean spin frequency increases with diameter for asterOids greater than -150 kfii 
diameter. The sample of large asteroids is small and Probably complete, however smaller 'asteroids 
show a selection effect - the sample is biased. Asteroids which appear bright have a more complete 
sample than those which are fainL The sample therefore is incomplete for smaller asteroids which are 
of low albedo or distant (orboth). In addition observers have tended to avoid asteroids which have a 
low amplitu4c (where the measurement effors could be as great or greater than the amplitude) or long 
rotation periods (where light curve features may not 
be discernable during an observing run) because 
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of the difficulty in obtaining meaningful results. It is likely that the sample of real asteroids in each 
size category is too small for precise quantification. 
The calculations indicate that spin frequencies as low as 0.01 revs per day occur and there is no 
mathematical reason why this value should not be even lower. Asteroids with low spin frequencies 
are known but the sample is probably incomplete for the reasons indicated above. 
During the damping time, for alignment of the angular momentum vector and the angular velocity 
vcaor, precession occurs. A secondary light curve component will be present at the precession 
frequency. This is examined further later in this work. 
d- 
An examination of the published values given in the Asteroids 11 Database indicates that the derived 
values of the orientation of the spin axes of individual asteroids seem to vary randomly with time. 
Though this could be a real effect due to precession it more likely represents uncertainties in the 
observations. Calculation using this model suggests that the angular momentum axes should be 
aligned at random. This probability is not ruled out by the published data. 
Summarising the effect of accretion the following conclusions can be drawn. 
a) Large projectiles (>O. l target mass) modify the spin frequency and tend to cause spin-up 
(Posaly rctrograde). 
b) Small projectiles (<0.005 target mass) add mass not angular momentum (L) and tend to reduce 
spin frequency. 
C) Considering the target as a gyroscope eliminates the need to hypothesise additional mechanisms 
to carry away surplus angular momentum as the perpendicular component of the impact parameter 
modifies the direWoq of the angular momentum vector and is not "used" to increase the value of the 
spin vector. 
d) Angular momentum vectors (and spin axis vectors of damped asteroids) are oriented at random. 
The amcnt alignment is therefore unlikely to provide information about the preferred alignment 
dunng the early Solar System. 
Using the model presented here no additional mechanisms are required to dispose of surplus or 
shortfalls ofangular momentum. The angular momentum drain mechamsm of DobrovolskIs and 
Burns is no longer essential to prevent spin-up as in previous models. The effect must occur but to a 
much less significant level than required by the Harris model (where it is crucial) and it only reduces 
the extremes of spin fi-cqucncy observed to a small degree. A more thorough investigation of the 
effects of transfer efficiency and projectile mass will allow computation of a more precise match to the 
existing mass/spin fi-equcncy/angular momentum orientation. 
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5.4 Fragmentation as an Evolutionary Process 
In the earlier part of this chapter consideration is given to accretion as a process for evolving observed 
asteroid spin rates and a)(W inclinations. The model given assumes that near 100% accretion occurs 
with no fragmentation effects. However as has been pointed out recently (eg Hughes 1994) collisions 
also serve to break down asteroid sized bodies. 
Two effects can be considered in terms of fragmentation depending on the amount of energy involved 
in the impact. The simplest effect is the fragmentation of the target without mass loss. Disruption 
occurs when the input energy density exceeds the impaq strength of the asteroid (Fujiwara, et al. 
1977). 
Ek, > S Vo 
WhCrC Ek is the encrgy input 
S is the impact strength 
VO is the target volume 
-nis is the material strength of the asteroid and it is therefore independent of the spin characteristics. 
Fujiwara ct al indicate that for asteroid materials (such as basalt) S is of the order of 106 to 107 JOulesj 
CLI m. Energy is lost in vaporisation of projectile and target materials and in ejecta. OKeefe and 
Ahrens (1977) suggest that 10% is lost to ejecta in vertical impacts with the proportion rising 
proportionally to the sixth power of the sinc of the impact angle. 
A greater energy budget is required to totally disrupt an asteroid. The energy must not only Erag; ment 
the asteroid but also, to prevent reassemblage, send the fragments to infinity. 71e latter requires input 
of energy up to the total gravitational potential energy of the asteroid which is given by Cole (1984) as 
Eg= -(Yg *G* NV) I 1ý ... 5.5 
whcre Eg the gravitational cncrgy 
Tg =(I 
the incrtia factor (- .8 for an oblate spheroid such as Satarn) 
= planetary mass 
Rp = Mean planetary radius 
-Dis equation represents the energy required for a non-rotating asteroidL However as real asteroids 
rotate it provides an upper bound for the energy required to transport the fragments to infinity. As the 
rotational energy (110) is relatively small when compared to the gravitational energy it is acceptable 
to ignore its effCct (at least to a first approximation). It is quite possible for partial disruption to occur 
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with some of the mass then reassembling. However a small amount of the mass could escape in 
fragments moving faster than the escape velocity removing much of the projectile energy. Indeed 
several successive impacts could produce similar effects to a single high energy one. initially 
fragmentation, or partial fragmentation, may occq followed by mass loss with later impacts. In 
addition to removing energy from the target some of these impacts may well remove some angular 
momentum by the angular momentum drain mechanism of Dobrovolslds and Bums (1984). The 
effcct of disruption on the rotation of the fragments is reviewed by Fujuiwara et al (1989). They note 
that there is a wide spread in rotation rate for the fragments (by a factor of -10). The fastest rotating 
fragments appear to come from close to the point of impact. it is thus likely that the fastest observed 
rotators (such as 1566 Icarus) are collision fragments. 
P 
Asteroids that have not generated enough heat to melt either during accretion or by subsequent decay 
of radioactive nuclides may have shapes that do not represent equilibrium f1gurcs . If the Central 
pressure is less than the material strength then the shape will remain as generated during accretion. 
The only asteroid massive enough to form an equilibrium figure due to self gravity is Ceres (Hughes 
1991). Fragments of disrupted bodies win also tend to be irregular. It is not possible to determine 
origin from shape alone. Inferred composition suggests that large fragments exist as the metallic M- 
OW and similar bodies appear to be composed of internal fragments from larger differentiated 
original bodies. These effects have not been considered further in this work. 
5.5 Conclusion 
-DIC accretion model presented in this chapter confirms that the observed spin frequency distribution 
and random spin axis orientation could be a product of collisional evolution. A secondary result is the 
confirmation of likely precession angles in this event. Individual impacts can produce major 
alterations to the direction of the angular momentum vector - even complete reversal. 
Asteroid disruption will tend to accentuate any observable effects (Binzel 1986). 
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6. The Observability of Free Precession in Asteroids 
Abstract 
In this chapter the model proposed in Chapter 4 is applied to the range of equilibrium shapes 
for asteroids (Maclaurin Spheroids and Jacobi Ellipsoids) for a range of angles between the 
Angular Momentum Vector and the Axial Spin Vector. From this the amplitudes of light 
variations due to axial rotation and free precessionare derived together with the ratio 
between the spin and precession frequencies. It is found that the amplitude of free 
precessional elements of the light curve is only detectable for extreme cases. 
6.1 Review 
To date there have been no direct observations of free precession amongst the asteroids. If collisions 
have been a major factor in the evolution of asteroids then there should be many examples to be seen. 
on the other hand, if asteroids have remained largely unaffected by collisions after their initial 
accretion then they should exhibit simple rotation such that the spin vector is aligned with the angular 
Inomentum vector. This has been considered in chapters 1,4 and 5. 
That we have not detected free precession in asteroids does not imply that it is absent Rather it 
indicates that either the observations have not been sufficiently precise (either due to the methodology 
employed or the absolute accuracy achieved) or that the cfFects are not observable for the majority of 
asteroids. 
-Me object of this chapter is to consider the application of the spin model given in chapter 4 to the free 
precession case. 
6.2 The Shape of an Asteroid 
Any rotating self-gravitating body will tend to assume a shape for which the surface is normal to the 
resultant gravitational and rotational acceleration. This will only be successful if the body is 
sufficiently massive and deformablc. During the accretion stages, the temperature of planetary bodies 
increases due to internal heat, decay of radioactive nuclides 
', 
and melting from projectile impacts.. 
This will reduce the internal tensile strength maidng the adoption of an equilibrium shape more 
laxly. 
The internal strength of a body is dependent on the composition and its evolution. If the body is fluid 
at some stage the strength is nil at this time. A 
body that has severe fracturing will also have an 
internal strength that is very small - it will not be zero as there will be interlock between the particles 
cven if there is no bond strength. If the interior 
is not fractured then the internal strength will be of 
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the order of 109 N nrl for basaltic rocks (Cole 1984). Above this Pressure the lattice structure of the 
rock cannot be sustained, the material win show fluid behaviour and the body will take the shape of 
an equilibrium figure. 
Using the value above Colc derives a radius of 100 km as the smallest size of planetary body that 
would be expected to assume an equilibrium shape. He admits that this limit is "to some extent 
arbitrary" so it would seem appropriate to consider this an upper bound. Smaller bodies he suggests 
will "have an iffcguIar shape in general". BcH et al (1989) independently suggest that gravitational 
stresses exceed the crushing stresses of weak chondritc material at a diameter of about 150 km. 
it should be remembered that the strength of materials decreases as temperature rises. During the 
acc: retion phase for a body there is a temperature rise (see for example Wood 1979). Eycn if this rise 
is not sufficient to melt the body it may be adequate to reduce the internal strength by several orders of 
magnitude. For this reason it is probable that equilibrium shapes will be found amongst asteroids 
significantly smaller than the above predictions (radius -20-30km). 
6.3 Equilibrium Shapes of Asteroids 
The problem of the equilibrium shape of a planet was first considered by Newton in his Principia 
mechanica. He predicted an oblateness of 1/230 for the Earth by assuming that it behaved as an 
homogeneous fluid rotating body. The value of 1/298.257 is currently adopted (BAA 1995) and the 
difference between this figure and that derived by Newton is attributed to the inhomogeneity of the 
Earth. A study of the motion of space vehicles in orbit around the earth has been used to derive a true 
shape. It departs from a simple spheroid and has a quite complex profile though the deviation is 
relatively minor (Cole 1978). 
A generalised result of the above problem was derived by McLaurin in 1742. iEs model predicts the 
ellipticity of a rotating spheroid for a given angular momentum. The McLaurin spheroid (a--b>c) 
represents the approximate shape of the major planets and the larger or slower rotating asteroids 
where scif-gravity is the dominant influence. 
The possibility of ellipsoids with unequ , 
al major axes (a>b>c) was not considered until suggested by 
Lagrange in 1811 though in his derivation he concludes that the axes a and b must be equal. Jacobi in 
1834 demonstrated that this conclusion was not correct and that as the angular momentum of the 
spheroid is increased it would eventually become unstable and elongate into an ellipsoid with axes a 
and b unequal. A series of triaxial ellipsoidal bodies could therefore satisfy equilibrium. 
As the angular momentum is increased the ellipsoid body will become more elongated. Eventually 
the elongation becomes so large that the ellipsoid becomes unstable and fission will occur. initially the 
products are of unequal mass but at high values of angular momentum the product is a pair of 
ellipsoidal bodies of equal mass (called Darwin ellipsoids). The greater part of the angular 
momentum of a binary system is contained in the orbital motion of the bodies about their common 
Centre of gravity - much less in spin of the components. 
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Tbe information in this section is taken from Chandrasekar (1969). His study is the Classic treatise on 
the equilibrium shapes of self gravitating rotating bodies. 
6.4 The Shapes of Asteroid CoRision Debris 
The data about the shapes of asteroids 
, 
produced as collision debris has been derived from laboratory 
experiment. The current knowledge has recently been summariscd by Fujiwara et, al (1989). The 
results obtained indicate that there are no extrcme shapes amongst fragments and the mean shape has 
proportions 2: 1.414: 1, though the scatter about the mean is large. 
It is quite possible for figures that appear to be equilibrium sýapes could be collision fragments. It is 
equally possible that a non-equilibrium shape may have begun as an equilibrium shape but that it has 
been sculpted to a different shape by the removal of smface matter by impacts. 
The following conclusions have been given by Bell et al (1989) 
1. Spherical Asteroids 
a. Large slowly rotating asteroids in hydrostatic equilibrium 
b. Spherical shape may arise in smaller weak asteroids due to "sandblasting' by small impactors. 
2. Elongated Asteroids 
a. Splintered collision fragments 
b. Rapidly rotating'rubblc piles' which have adopted a near equilibrium shape. 
C. Asymmetric sublimation of volatiles from initially spherical bodies. 
(L Exaggeration of local topography daring sublimation. 
C. Exaggeration of axis ratios during sublimation on non-sphcrical bodies. 
f Preservation of primordial irregular shape pr6duced by low velocity collisions, producing 
, compound planetesimals'. 
6.5 How Fast Can Asteroids Spin? (Does this affect the observed distribution) 
It is has been stated that the figest an asteroid can spin is the rate at which the force due to radial 
acceleratIon at the equator equals the surface gravitY (Bums and Tedesco 1979). This would be 
realistic only if the asteroid possessed no internal strength and material could then be ejected into 
orbit. More reasonable would be to allow an internal strength such that Unsting! occurred at a higher 
rotation, this is a classic case in mechanics (see eg French 1969). 
case of a body with no internal strength has been considered by Weidenschilling (1981) and 
, o.. = (4irGp/3)0-5 ............. (6.1) 
where G is the gravitational constant 
p is the density of the asteroid 
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The maximum rotational rate for a given material strength ignoring gravitation is a standard case in 
Newtonian mechanics Comax " (S/P) 0.3 .............. (6.2) 
(French 1971) 
where (a is the angular rotation speed of the asteroid 
S is the ultimate tensile strength of the asteroid 
p is the density of the asteroid 
As the gravitational and rotational components act at right angles to each other combining the two 
gives S. 
con= = [(47cGp/3) + (Slp)]0-5 .............. (6.3) 
Ihe first term on the right side of the equation depends solely on the material density and the higher 
the density the higher the rotation rate. The second term depends on the ratio of S/p and in general 
the most significant factor will be the degree of firacturing within the asteroid. This in turn is likely to 
depend on the evolution of the asteroid as impacts will tend to produced a fractured "rubble pilc". 
An asteroid at rest in an equilibrium condition will adopt a spherical shape. As it begins to rotate the 
polar axis will flatten and the shape will deviate Erom a sphere with a--b>c. At the critical rotation rate 
-it will start to elongate and a>b>c. 7be elongation will increase until fission occurs (see Section 6.3). 
Wcidenschming (1981) has considered rotation in terms of these equilibrium figures. Fromthishe 
derives a value of 0.53 times the rotation rate given by Bums and Tedesco as the maximum rate at 
which anastcroid can spin whilst retaining an equilibrium figure. During the McLaurin spheroid 
phase the eccentricity of the body (the flattening) increases as the spin rate increases reaching a 
maximum at the transition to the Jacobi ellipsoid phase. As the deformation increases, it increases the 
moment of inertia of the body so rapidly that the spin rate decreases for a given angular momentum 
budget. 
For a fractured asteroid the vale of S is zero and the maximum rotation period is solely dependent on 
the material density. Weidenschilling has reduced Formula 6.2 
P, = 2.7c / O)s - 3.3 (p)-O-3 hours... (6.4) 
where P, is the spin period in hours 
co, is the angular velocity of rotation 
p is the density in g CIO 
A reasonable estimate for the density of an asteroid is 2500 kg nY3 which would correspond to a spin 
period of 2. l'bours using the above criterion. However, with the exception of a few small bodies, the 
typical shortest spin periods observed arc -4 hours. This would imPlY3 material density of -700kg m73 
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for 4 hours to represent the rotation rate at which 'bursting, of the asteroid occurs. However adopting 
Weidcnschilling's criterion, the maximum spin rate for an cquih-brium body of 0.53 0). we find that P, is 
approximately 2.1 hours and the material density is 2500 kg m73. We would then expect that asteroids 
with spin periods shorter than -4 hours must consist of very dense/heavy material such as metals if they 
are rotational equilibrium shapes or else represent collision debris. 
6.6 How Fast Do Asteroids Spin? 
lie Asteroids II database gives observed rotation periods for 505 asteroids. Ve f, (o y ry cw nl 5) are listed 
with rotation periods in excess of 100 hours - two of these (288 Glauke and 1220 Crocus) have periods 
in excess of 1000 hours. The great majority have spin periods between 6 hours and 15 hours. Very few 
are known with rotation periods less than the four hours given in the previous section. The shortest 
period is in the order of 1.5 hours (number 1566) this result implies either that if the asteroid has an 
equilibrium figure then the asteroid has a high density and internal strength or else it would have 
disrupted. 
A graph of spin frequency (in revolutions per day) against number is given in Figure 6.1). 
The vast majority of asteroids rotating with periods between -4 hours and 15 hours could represent 
equilibrium shapes. However they couid also represent collision debris or target bodies that have had 
fragments removed by collision. This is in good agreement with the 8-10 hour rotation period derived 
by Affvcn (1964) for astcroids at the early stages of growth. 
Slow rotation rates may be indicative of either collision despinning or alternatively they could indicate 
precession motion. This will be considered further in Section 6.8 however at this stage it is sufficient to 
note that the light curve of a spheroid under simple rotation is constant whilst the light curve of a 
precessing spheroid is not. The free procession period of a spheroid is longer than the axial rotation 
period and depends not only on its figure but also on the angle of misalignment between the axis c and 
the angular momentum vector. Slow rotating astOoids could be freely precessing asteroids. 
ps . 3pidly rotating asteroids are most probably 
collision fragments -a view supported ince they are all 
very small, <10 km, in diameter. 
6.7 Observing The Shape of Asteroids 
Direct observation of the shape of an asteroid has, 50 far, only been obtained fbr 951 Gaspra and 243 
Ida. The shape of several other asteroids has been reconstructed from speckle er cro M int B metry, dar 
echoes and through the use of adaptive optics. A 
limited view of shape has been determined from 
observation of stellar occultations by asteroids. However 
for the vast majority of asteroids the best 
estimate of dimensions has come from the 
light curve. 
Direct observation is the most satisfactory method. Imagery from spacecraft allow the limb profiles to 
be viewed directly and, from a sequence of images as the asteroid rotates, the three shape . parameters 
(a: b: c) can be determined. From a knowledge of the spacecraffs positibn these can be reduced to 
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dimensions in kilometres. However the use of spacecraft observation is likely to remain limited. 
Present proposals only allow observation of asteroids for missions with prime targets at the outer 
planets (Jupiter and Saturn). One other prospect remains and this is the use of the Hubble Space 
Telescope to directly image some asteroids. Observation of the surfaces of asteroids is not a high 
priority in the telescope schedule however images of a complete rotation of 4 Vesta have recently been 
published (Sky and Telescope 1995). 
Speckle interferometry has only been carried out for larger asteroids. When obtained at several 
heliocentric longitudes it becomes possible to make reasonable estimates of a: b: c. Since only very few 
asteroids are suitable targets for speckle intcrferomctry because of their relative faintness it is unlikely 0 
that many asteroids will be adequately studied for this purpose in the near future. 
A stellar occultation by an asteroid is a comparatively rare event. Successful observation does allow 
the apparent cross-sectional shape of the asteroid at the instant of the occultation to be dcrivedL This, 
of course, presupposes that an adequate number of chords have been obtained. It is also preferable 
that these be derived photoelectrically rather than visually to eliminate observer bias. The values of 
the two axes derived from this are accurate but only reflect the shape presented towards the earth at 
the instant of the occultation. Information from several occultations or, more likely, from one of the 
other methods outlined here is required to estimate the true shape of the asteroid. 
A crude estimate of the shape of an asteroid can be made from the light curve provided that several 
light curves taken at different hchocentric longitudes are available. At some part of the orbit the 
aspect angle between the asteroid pole and the observers line of sight will reach 900. At this time at 
maximum apparent brightness the apparent area is proportional to ac and the minimum brightness is 
proportional to b. c where a, b and c arc the lengths of the three main axes of the ellipsoid. From this 
the ratio of a: b can be derived. If the asteroid aspect angle is not 90" then the value of a: b derived will 
be less than the true value and represent a lower bound on the ratio. The error introduced in the ratio 
a-. b is small for most asteroids provided that the ispect angle is within about 15* of a right angle. The 
problem comes in trying to derive an accurate figure for the ratio ax or b- . C. 
The axis c is the minor axis of an asteroid. If the asteroid is in simple rotation it is also the direction 
of the angular momentum vector and the spin vector (ic the axis of rotation). It is only possible to get 
an accurate value for this dimension if the orientation of the spin vector is known so that the light 
curve can be modelled for all hclioccntric longitudes. This is only well known for a handful of 
asteroids (Magnusson ct al 1989). c can be derived from a study of the changes in the amplitude of 
the light curve with hclioccntric longitude. Ile result is either a value for c or an overestimate of its 
value. 
in cases where the observed amplitude of an asteroid lightcurve exceeds about I magnitude the 
possibility of binary asteroids still remains. A single body where a. b exceeds about 2.5 is not stable 
under equilibrium conditions and will divide. A collision fragment (ic a splinter) can vdst this 
elongated but the work of Fujiwara ct al (1989) suggest this would be rire and that large bodies would 
62 
not be stable. 216 Kleopatra and 624 Hektor may be too elongated to represent single bodies and 
could be binaries (Weidenschilling 1990). Radar images of the Earth approaching asteroid 4179 
Toutatis suggest that it may comprise two bodies in contact. 
6.8 Synthesis of Light Curve Amplitudes for Freely Precessing Asteroids 
In order to determine whether free precession effects would be observable and also to investigate ways 
that free precession would be seen, a simple model has been set up. For the purposes of this 
investigation two equilibrium shapes of model asteroid have been considered - the Mclaurin spheroid, 
where a---b>c, and the Jacobi ellipsoid, with a>b>c. McLaurin spheroids have shapes between a: b: c of 
1: 1: 1 and 1.72: 1.72: 1. Above this the equilibrium figure is the Jacobi ellipsoid and the shapes vary 
between limits of a: b: c of 1.72: 1.72: 1 and 3.07: 1.23: 1. The shapes of ellipsoid have been derived in 
accordance with the data given by Chandrasckar (1969). 
The model has been used to determine the effect on the light curve of misalignment of the spin axis 
with respect to the principal axis (the z axis). Misalignments; in the range of 00 to 9012 have been 
investigated. Ile period of free precession has been derived from equation 4.10. The amplitude of 
the light curve due to primary rotation (axial spin) has been computed on the assumption it is a 
maximum (ic at an aspect angle of the rotation axis to the observer's line of sight of 90*). For the 
amplitude of light curve due to secondary rotation (free precession) the model assumes that one 
extreme of the precession rotation produces an aspect angle of 90" and that the aspect angle of the 
other extreme is as derived from equation 4.11. The two assumptions give the extreme maximum 
amplitudes for each rotation that can occur for each shape of body. In reality the favourable 
conditions will not occur very often. In practice the ratio between the two will remain similar. 
Simpic rotation - ic with no precession motion - ocam for the two following conditions. The 
terminology used is considered in Chapter 4 and illustrated by Figure 4.1. 
TtefLmandmostcommoniswhcnthegýnaxi is aligned with the z axis of thehpft - the minor 
axis. This is the axis about which the moment of inertia of the body is greatest and - for a given 
angular momentwn - the spin vector has the lowest value (see equation 4.2). TILis is the stable 
equilibrium state since any misaligrunent between the spin axis and the z axis will tend to lead to a 
realignment of these axis due to elastic flexure of the body (see Chapter 4). For this case the angle m 
is 0*. 
The second equilibrium is an unstable equilibrium when the spin axis is aligned with the x axis - the 
major axis of the . 
In this case the angle a is 90". Any misalignment from this equilibrium state 
will lead, through energy dissipation, to a progressive realignment of the spin vector with the z a--, ds. 
TILe results of the calculations (which were carried out on a Lotus 123 spreadsheet on an IBM 
compatible computer) are given in Table 6.1 for Mclaurin spheroids and Tables 6.2.1 and 6.2.2 for 
Jacobi ellipsoids. Plots of the results are given in Figures 6.2 to 6.5. 
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The tables contain results for precession of the two stable states where cc is 0* and 90*. Neither of 
these columns have any real meaning but will allow interpolation angles close to the extrema. On the 
same basis the values are given for a sphere (a: b: c = 1: 1: 1) and again these have no real meaning as 
au axes are both major and minor. 
6.9- Free Precession in Asteroids 
in those cases where the predicted amplitude of the light curve is less than 0.02 magnitudes detection 
will prove impossible from the Earth as the anticipated errors in observation will mask it. In addition 
topographic or surface albedo variations are also likely to be at the sam level. Detection from the 
Earth presupposes that sufficient observational data and continuity of data is available to allow 
identification. 
The results given here illustrate that the effect of precession on the light curves of the two types of 
body are similar. However it is appropriate to consider the two shapes of body separately prior to 
making conclusions. 
/ 
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Table 6.1 - Precession Characteristics for McLaurin Spheroids 
Light-curve amplitudes in muniftules 
Angular displace=tt of the Spin Axis 
widi respect to the z-a)ds 0 10 20 30 40 50 60 70 80 90 
a- 
Lightcurve amplitude Primary rotation 
b-c 
0 
1.171.1A 
0.08 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 
Lishtcurve amplitude Secondary rotation 0 0 . 0.01 0.03 0.05 0.06 0.08 0.09 0.1 0.1 
Period of precession(Spin Period 10.52 10.36 9.39 41 9.11 3.06 3.76 5.26 3.6 1.93 0 
a. 
Lightcurve amplitude Primary rotation 
b7c 
0 
1.271.11 
-0.1 -0.16 -0.18 -0.19 -0.19 -0.2 -0.2 -0.2 -0.2 
LiWtcww amplitude Secondary rotauon 0 -0-01 -0.03 -0.06 -0.09 JJ. 12 JJ. 15 -0.13 -0.19 -0.2 
Period of preces3ion/Sput Period 5.55 5.46 5.21 4.8 4.25 3.56 Z77 1.9 0.96 0 
&ý 
Ligifturve amplitude Frunary rotation 
bv 
0 
1.3: 1.3: 1 
-0.1 -0.2 -0.24 -0.26 -0.27 -0.28 -0.21; -0.28 -0.28 
Lightcww amplitude Secondary rotation 0 -0-01 -0-04 -0.09 -0.14 -0.13 -0.23 -0.26 -0.28 -0.23 
Period of preoession/Spin Period 3.9 3.84 3.66 3.38 2.99 2.51 1.95 1.33 0.69 0 
ii- 
Lightcurve amplitude Primary rotation 
bx 
0 
1.4 IA I 
-0.1 -0-22 -0.29 -0.33 -0.34 -0.36 Q36 -0.36 --0.37 
Liglitcume amplitude Secondary rotation 0 -0.02 0.06 -0-12 -0.18 -0.24 -0.29 -0.33 -0.36 -0.37 
period of prwesaion/Spm Period 3.08 3.04 2.9 Z67 136 1.98 1.54 1.05 0.54 0 
a. 
Lightcurve amplitude Primary rotation 
b-c 
0 
1.5: 1.5: 1 
-0.09 -0-23 -0.33 -0.38 . 0.41 -0.42 -0.43 -0.44 -0.44 
Iýghtcurvc amplitude Secondary rotation 0 -0-02 -0.07 -0.15 -0.23 -0.3 . 0.36 -0.4 -0.43 -0.44 
Period of precessi-Spin Period 2.6 156 144 2,25 1.99 1.67 1.3 0.89 0.45 0 
&. 
Lightcurve amplitude Primary rotation 
b-c 
0 
1.6: 1.6: 1 
-0-09 -0-24 -0.35 -0.42 -0.46 -0.49 -0.5 -0.51 -0.51 
Lightcurve amplitude SecOndwY rotation 0 -0-02 -0.09 -0.18 -0.27 -0.35 -0.42 -0.47 . 0.5 11.51 
Period of precmion/Spm Period 2.28 Z25 114 1.98 1.75 1.47 1.14 0.78 0.4 0 
a- 
Lightcurve amplitude Primary rotation 
býc 
0 
1.771.701 
-0-09 -0.24 -0.37 -0.46 -0.51 -0.54 -0.56 -0.57 -0.58 
Lightcurve amplitude Secondary rotation 0 -0-03 -0.11 -0.21 -0.31 -0.41 -0.48 -0.53 -0.57 -0.58 
Period of prec-ion/spm Period 2.06 2.03 1.93 1.78 1.58 1.32 1.03 0.7 0.36 0 
jk 
Lightcurve amphtiide Primary rotation 
b-c 
0 
1.72*1.72 
-0.09 
TI 
-0.24 -0.37 -0.46 -0.52 -0.55 -0.57 -0.58 -0.59 
Lightcurve amplitude Secondary rotation 0 -0.03 -0.11 . 0.22 -0.32 -0.41 -0.49 -0.54 -0.58 -0.59 
Period of precessiontSPul Period 2.03 2 1.91 1.76 1055 1.30 1.01 0.69 0.35 0 
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Tablc 6.2.1 - Prccession Charactcdstics for Jacobi EUipsoids - Part 1 
Lightcurve ampliW&s in mapitudes 
Angular dLsplacemait ot the Spw Axa 
WM resped to the Z-ams 0 10 20 30 40 50 60 70 so 90 
a. 
LiOtctuve wiplitude Pmwy rotation 
b7c 
0.00 
1.7271.72 
-0-09 
:1 
-0.24 -0.37 -0.46 -0.52 -0.55 -0.57 -0.58 -0.59 
Lightcurve arnphw& Secondary rotation 0.00 -0.03 -0.11 -0.22 -0.32 -D. 41 -0,49 . 0.54 -0.58 -0.59 
Period orprocesswwSpm Period 2.03 2.00 1.91 1.76 1.55 1.30 1.01 0.69 0.35 0.00 
a. 
Lightcurve amplitude Prunary rotation 
b: c 
-0.04 
1.751.68 
-0.13 
71 
-0.28 -0.41 -OA9 -0.54 -0.56 -0.59 -0.61 -0.61 
Lightcwvc amplitude Secondary rotation 0.00 -0.03 -0.11 -0.20 -0.31 -0.40 -0.47 -0.52 -0.55 -0.56 
Period of precession/Sput Period 203 2.00 1.90 1.76 1.55 1.30 1.01 0.69 0.35 0.00 
a7 
Lightcurve arnPllulde PnnIMY rotation 
b7c 
-0.09 
1,79: 1.65 
-0.17 
71 
-0.32 -0.44 -0.52 -0.57 460 -0.62 -0.63 -0.63 
Lightcturve mMhtude Secondary rOW011 0.00 -0.03 -0-10 -0.19 -0.29 -0.38 -0.45 -0.50 -0.53 -0.34 
period ofprecessioniSpin Period 2.02 1.99 1.90 1.75 1.55 1.30 1.01 0.69 0.35 0.00 
a- 
LWhwww amphaide Primary rotation 
b-c 
. 0.14 
1.83.1,61 
-0.22 
:1 
-0.36 -0.49 -0.55 -0.60 -0.63 -0.65 -0.66 -0.66 
Lightcurve an'PlltudO Secondary rotation 0.00 -0-03 -0-09 -0.18 -0.28 -0-36 -0.43 -0.48 -0.51 . 0.52 
Period ofprecession/Spin Period 2.01 1.98 1.89 1.74 1.54 1.29 1.00 0.69 0.35 0.00 
a- 
Lighicurve arnplinide Pnnwy rotation 
b7c 
-0-19 
1.381.58 
-0.27 
11 
-0-40 -0.51 -0.58 -0.63 -0.66 -0.67 -0-68 -0-69 
Ligbtcurve aroplitude, Secondary rotation 0.00 -0.02 -0.09 -0.17 -0.26 -0.34 . 0.41 . 0.46 . 0.49 -0.50 
period ot processioruSpui Period 1.99 1.96 1.87 1.72 1.53 1.28 1.00 0.68 0.35 0.00 
a. 
Lighwinve amplittide Primary rotafton 
b-c 
. 0.24 
1.931.55 
-0.31 
1 
-0.45 -0.55 -0.62 -0.66 -0.69 -0.70 -0.71 -0-72 
Lighwtffw araPhulde ScccndwY roLlnon 0.00 -0.02 -0.03 -0.16 -0.25 -0.32 -0.39 -0.44 -0.46 -0.47 
Period ofprccewion/Spm Period 1.97 1.94 1.85 1.70 1.51 1.27 0.98 0.67 0.34 0.00 
a. 
Lightcurve -lPllwdC Pr=19Y rO=On 
b-c 
-0.30 
1.99: 1.51 
-0.37 
:1 
-0.49 -0.59 -0.66 -0.70 . 0.72 -0.74 -0.75 -0-75 
Lightcurve amplittide Secondary rotation 0.00 -0-02 -0.08 -0.15 -0.23 -0.31 -0.37 -0.41 -0.44 -0.45 
Period ofprec=, WSpm Period 1.94 1.91 1.82 1.68 1.49 1.25 0.97 0.66 0.34 0.00 
a 
Lighteurve amplitude Primary rotation 
b-c- 
0.36 
2,06: 1.48 
-0.42 
1 
-0.54 -0.63 -0.70 -0.73 -0.76 . 0.77 -0.78 -0.73 
L*Icurve anThuldC Secondary rOM02 0.00 -0.02 -0.07 -0.14 -0.22 -0.29 -0.35 -0.39 -0.42 , -0.43 
period of precessionlSprn Period 1.90 1.88 1.79 1.65 1.46 1.22 0.95 0.65 0.33 0.00 
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Table 6.2.2 - Precession Characteristics for Jacobi ERipsoids - Part 2 
lighwurve amplitudes iii magnitudes 
Angular displacement ofthe Spin Axis 
with respect to the z-aw 0 10 20 30 40 50 60 70 so 90 
a, 
Liplitctirve amplitude Primary rotation 
b-c 
-0.42 
1131.45 
-OAS 
1 
-0.59 -0.69 -0.74 . 0.73 . 0.80 . 0.81 -0.92 -0.82 
Lightcurve amplitude Secondary rotation 0.00 -0.02 -0-07 -0.13 -0.20 -0.27 . 0.33 -0.37 . 0.39 . 0.40 
Period of precessiowSpm Period 1.96 1.94 1.75 1.61 IA3 1.20 0.93 0.64 0.32 0.00 
& b-c 2.2271.42i l 
Lightcurve amplitude Primary rotation -0.49 -0.55 -0.65 -0-73 -0.79 -0.82 -0-8.4 -0.86 -0.96 -0.87 
LightcMe anVIttude Secondary rotation 0.00 -0.02 -0.06 -0.12 -0.19 -0.25 -0.30 -0.34 -0.37 -0.38 
Period ot precessioniSpin Period 1.91 1.78 1.70 1.57 1.39 1.16 0.91 0.62 0.31 0.00 
a, 
Lightcurve amplitude Primary rotation 
b-c 
-0-35 
2.3171.38- 
-0-61 
1 
-0.70 -0.78 -0.83 487 . 0.99 -0.90 . 0.90 . 0.91 
Lightcurve amplitude Secondary rotation 0.00 -0-01 -0.06 -0.11 -0.17 . 0.23 -0.28 , -0.32 -0.34 -0.35 
Period ofprecessiontSpm Period 1.77 1.74 1.66 1-53 1.33 1.13 0.98 0.60 0.31 0.00 
w 
Lightcurve amplitude Primary rotation 
b7c 
-0.63 
2.411.35- 
-0.69 
1. 
-0.77 -0.84 -0.89 -0.92 -0.94 . 0.95 . 0.95 . 0.96 
Lightcurve amplitude Secondary rotation 0.00 -0-01 405 -0-10 416 -0-21 -0.26 -0.30 -0.32 -0.33 
period ofprecesston/Spm Period 1.71 1.63 1.61 1.48 1.31 1.10 0.85 0.58 0.30 0.00 
a. 
Lightcurve amplitude Primary rotation 
b7c 
-0.71 
154.1.32 
-0.75 
1 
-0.93 -0.90 . 0.95 -0.98 . 0.99 . 1.00 . 1.01 . 1.01 
Liglitcurve anThtude Secondary rotation 0-00 -0-01 -0.05 -0-09 -0-15 -0-20 -0.24 -0.27 -0.29 . 0.30 
Period of precessioniSpin Period 1.65 1.62 1.55 1.43 1.26 1.06 0.82 0.56 0.29 0.00 
a- 
Lightcurve amplitude Primary rotation 
b-c 
-0.80 
2.691.29- 
-0.94 
1 
-0.91 -0.97 -1.01 -1. (A -1.06 -1.07 -1.07 -1.07 
Ll&btcxnve wVIIUWO Secondary r0taunn 0.00 -0-01 -0-04 -0-08 -0.13 . 0.18 . 0.22 . 0.25 . 0.27 -0.28 
Period ofpreoession/Spm Period 1.58 1.56 1.49 1.37 1.21 1.02 0.79 0.54 0.27 0.00 
a- 
LWucme anVIIUWO Primary rotation 
b-c 
-0.89 
2.86-1.267 
-0.93 
1 
-0-99 -1-05 -1.09 -1.11 -1.13 -1.13 -1.14 -1.14 
jjghtcurve amplitude Secondary rotation 0.00 -0-01 -0.04 -0-07 -0.12 -0.16 -0.20 . 0.23 -0,24 . 0.25 
period ofprocessioniSpm Period 1.52 1.49 1.42 1.31 1.16 0.97 0.76 0.52 0.26 0.00 
Ll&www amphuide Pnmwy rotanon 
LiOnme amphuoc Secmdary rmauon 
penod of prccssion/Spm Pcriod 
cb7c 
-I. OD 
3.071.23 
-1.02 
1 
-1.09 
O. DD -0.01 -0.03 
1.45 1.43 1.36 
-1.13 -1.17 -1.19 -1.20 . 1.21 -1.22 -1.22 
-0.06 -0.10 -0.14 -0.18 -0.20 -0.22 -0.22 
1.25 1.11 0.93 0.72 0.50 0.25 0.00 
IU McLaurin spheroid in simple rotation shows no light variation since a7-b. As the angle of 
misalignment increases the rotational light curve shows greater variations reaching a maximum when 
the angle attains 901, which corresponds to two mode rotation about both the long and the short axes. 
The greater the oblatcness the greater the maximum amplitude as this depends on the ratio of a: c. The 
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amplitude of the light curve due to precessional rotation also increases as the angle of misalignment 
increases - its greatest difference from that due to simple rotation occurs at an angle of 450. Precession 
periods - where the amplitude of lightcurve due to precession is greater than 0.05 magnitudes - are 
greater than about 5 times the spin period. Where the amplitude of the lightcurvc due to precession is 
high (>0.2 magnitudes) the angle of misalignment is also relatively high (>400). In these cases the 
period or precession varies between twice the spin period to an extreme much less than the spin period. 
It must be noted that the precession period is in general greater than the spin period where the angle of 
misalignment is less than about 6011 however for extreme angles the precession period becomes 
significantly lower than that of axial spin. 
With a Jacobi ellipsoid (since a>b) light variations due to rotation are relatively high and that due to 
precession relatively smaller. In general the same principles apply. As the angle of 
increases so does the amplitude of the rotational lightcýurve and to a lesser event the same is true for 
prCcCSsiorL The period of free precession varies between twice the spin period and perhaps a tenth. 
Ifthe modulated period is greater than about ten times the primary spin period and remains detectable 
then the body is probably undergoingforcedprecession due to an unseen companion and is beyond the 
, scope of this work 
precession periods that are an integral harmonic of the rotation period (2x, 3x ctc) are unlikely to be 
recognised as such. if present the 
interpretation is likely to be made that the rotation period is that of 
the harmonic and that the light curve is complex with several (ie more than 2) maxima and minim A 
similar argument applies if the precession period 
is a simple fraction of the rotation period. 
Since it is unlikely that direct observation will be achieved in the near future it seems most probable 
that any discovery will be serendipitous - however there arý scvcral ways of increasing the chances 
of uncovering evidence of free precession. 
6.10 Size Distribution of Freely Precessing Asteroids 
, Me lumber of asteroids undergoing collision generated f= precession in the asteroid belt depends 
on the rate at which asteroids are colliding and the rate at which the precession 
damps out. A 
simple particle in a box model 
has been used to estimate the likely size distribution which would be 
expected at the current time. 
-Me size distribution of main belt asteroids has been calculated from the mass distribution index 
given by Hughes (1982) by setting the number of asteroids 
larger than 120km in diameter at 128. 
The damping time for each size of asteroids is calculated from the formula given in Chapter 1. 
Tb, c impact probability per year is derivcd 
from 
Asteroid cross sectional area x distance travelled in one yr x number density per yr 
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which can be cxprcssed as 
P= 7ri'Vrn ...... (6.4) 
where r is the mean asteroid radius 
n is the mean asteroid number density (assumed at 10-28 rn-3) 
V is the particle velocity 
T is the number of seconds in a year -3 . 101 
Table 6.3 Number of Freely Precessing asteroids larger than the specified diameter 
Diameter Number Impact Probabilityýýr 
D(km) Smaller 
than D 
500 2 
200 30 1.510-1 
100 238 1.210 
50 1900 9.5 10-8 
20 30000 1.5 10-6 
10 240000 1.2 10-5 
Damping Time Cyrs) Number 
calculated from wasting 
Equation 1.2 - now 
8 105 8 10-5 
5 106 0.0075 
2 107 . 24 8 107 7.6 
51011 750 
2 109 24000 
The results indicate that it is unlikely that large asteroids will be precessing. This is due to the 
small number and their short relaxation time. The number increases rapidly as the size reduces 
such that it appears likely that 10% of the population of 10 km diameter asteroids would be expected 
to be undergoing free precession at any time. Such small asteroids can only be observed with larger 
telescopes (typically >1 m aperture) or directly from space missions. 
6.11 Possible ways of detecting Free Precession 
Beat phenomena have not been rccogniscd in asteroids (see for example Kopal 1970). However to 
detect beat phenomena it is preferable to have good coverage of the light curve of an asteroid over 
several continuous rotation periods - four or 
five. This has not yet been achieved and indeed is unlikely 
to be possible from Earth without a concerted global effort at a time of favourable weather conditions. 
Alternatively several complete light curves taken during the course of a week or two may be adequate to 
reveal any minor differences possibly attributable to precession. 
Similar techniques have been used to 
determine beat periods in short period Delta Scuti stars (see for example Walker 1986) where the 
periods are of the order of two or three 
hours. 
The light curve of 44 Nysa is noted for changing shape during the course of an opposition. This is - 
related to the changing viewing geometry - the Sun-aSteroid-earth angle (the phase angle) - and a1so the 
aspect angle - the polar aNis inclination to the observer's 
line of sight. This efflect may be sufficient to 
Inask any variations in the light curve arising 
Erom precession of the spin axis. However it should be 
noted that if changes are seen in the shape of several 
lightcurves taken over the course of a couple of 
weeks when the phase angle is not changing rapidly, this could 
indicate a body in free precession. 
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many asteroids are observed at several oppositions where the heliocentric longitudes and the phase 
angle are sin-dlar. If the form of the light curve at similar viewing conditions varies with time it would 
provide strong evidence of precession. 15 Eunomia has been observed undcrjust such conditions and 
the amplitude and form of the light curve is always the same. For the vast majority of asteroids, such 
favourable circumstances do not occur. 
The number of apparent extrema may vary during the course of an opposition. 'nic viewing geometry 
for near polar aspect angles may yield only a single maximum and minimum for each rotation 
compared with a near equatorial aspect. If the aspect angle changes greatly during the precession cycle 
then the shape of the light curve could change quite dramati(ýally over a period of a week or two. 
6.12 Summary 
in general any process which can give rise to asymmetry in a body could produce precessional motioIL 
This could come from two different causes. First the displacement of the angular momentum vector 
from its initial orientation by the impact of projectiles as considered earlier in this work. A second 
cause, which has not been considered in this work, is the modification of the shape of the asteroid due 
to internal processes (such as sublimation) leading to a realignment of the principal axes of the asteroid 
such that the axis of maximum moment of inertia ceases to align with the angular momentum vector. 
The effects of each of these causes are the same and would not be distinguishable to the remote 
observer. Direct imaging of the surface could give clucs as to which process is at work provided it 
produces visible effects (such as 'volcanic' eruptions). 
in this Chapter the correlation between shape and spin of asteroids has been considered. Observations 
are unlikely to preclude free precession since for the majority of asteroids it wiR be unobservable (or at 
best extremely difficult) to detect from the surface of the Earth. Very few observations Erom 
spacecraft near asteroids are expected within the next few years. Typically encounters with main belt 
asteroids will only allow imaging for two or three weeks. However the NEAR (Near Earth Asteroid 
Rendezvous mission) scheduled for launch in 1996 is intended to accompany 433 Eros as it will be in 
a similar Orbit- imaging for many months should be possible allowing the fidly rotational 
characteristics to be determined. The Space Telescope could also be used for long term investigations 
if sufficient time were to be made available. 
precise shapes of very few asteroids are known accurately. Several examples appear to be close to 
equilbrium shape - eg 39 Laelitia, 45 Eugenia and 107 Camilla (Farinella et al 1981). 'Me 
equilibrium shape may have been derived during formation or may result from internal fracturing 
during collision evolution resulting in a'rubble pile' asteroid. However forthe vast majority of 
astero, ids the proportions are at best only a crude approximatio .e jori of eroi ap not n Th ma ty ast ds pear 
to be equilibrium shapes (Magnusson et al 1989) which may indicate a significant internal strength. 
As the accuracy of shape determination improves the position may alter. 
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7. Design and Assessment of a Photoelectric Photometer 
Abstract 
A new low-cost design of dc photoelectric photometer based on a side window 
photomultiplier tube has been prepared. The photometer has been interfaced to a computer 
using a custom designed interface and used to obtain the measurements presented in Chapter 
8. To overcome the previously identified shortcomings of dc photometers silica gel is used to 
desiccate the heads resulting in an 80 fold reductioif in dark noise is typical, The numerical 
parameters of the photometer are given and it has been shown that in practice the 
performaxicc is limited solely by sky conditions and photon statistics. 
7.1 Introduction - Why Design a New Photometer? 
photometric study of the minor planets requires accurate instrumcntatiorL Commercial designs of 
astronomical photometer arc available, usually with suitably astronomical price tags of many 
thousands of pounds , 
(see for example Ealing-Bcck 1989). Expensive commercial equipment of this 
sort is generally beyond the means of most of the smaller amateur observatories. One prime objective 
of the present work was to use the current range of precision integrated circuits (ICs) to produc6 a 
design of photometer costing approximately ten times less than commercial designs yet capable of 
matching their performance. The result has been a successful design which may not contain all the 
features of a commercial instrument but is simple to operate and falls within the original 
cogjpcrformance parameters desired. The 
intention has been to reduce noise and hence errors to a 
level that the photometer is essential limited in accuracy solely by atmospheric and photon noise. 
The photometer design has been used on two telescopes systcms during this project. The original 
system had two Newtonian reflectors mounted on 
German Equatorial Mountings. 'Me main telescope 
was a 300mm aperture f/3-5 and the secondary telescope was a 
130mm M. 
The 3oomm reflector has since been replaced by a 355mm f/10.6 Cassegrain and a 254mm V16 
Cassegrain operating as a twin telescope system on a single mounting (Figure 7.1). UsingCasscgrain' 
telescopes makes the task of balancing and operation relatively easy. The arc described by the 
photometer head during the course of a night's observing 
is relatively small as it is carried axially at 
the rear of the telescope. With a Newtonian reflector the head is carried several metres above ground 
level and the weight is off the optical axis so that radial counterbalancing is required. 
Figun: 7.1 -Photograph of the observatory showing the telescopes and instrumentation 
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7.2 Photometer Head Design 
One basic condition required was that the head should be no heavier than the body of a typical single- 
lens reflex camera. This was to allow it to be carried on most driven telescopes. The basic design is 
similar to that described by Stokes (1982). The photometer head is connected to the telescope using a 
standard 31.7mm push-fit flange. No additional bracing or telescope support has proved necessary. 
Diaphragm apertures are provided corresponding to approximately 60,90 and 120 arc seconds. In 
addition there is a wide aperture of 20 arc minutes to allow location and centering the object. Many 
observers select the diaphragm aperture without giving any consideration to the related wors which 
may be introduced. In general the maxim is that the errors in the telescope drive Will dictate the 
minimum size of the aperture usable. This approach may lead to inaccuracies due to loss of light and 
if the aperture is reduced to, for example, 20 arc seconds or 30 arc seconds, an inevitable error of a 
few percent will be introduced in a measurement (Young, Talbert and Angione 1984). Inspection of 
a typical stellar profile with a 0.4 m aperture telescope under typical atmospheric seeing conditions 
(see Figure 7.2) shows that most of the energy of a star image is concentrated in a circle of radius 10 
arcsecs but that a significant proportion of the image spreads at least 10 times further than this. The 
image may spread even further if the miffor coating is old or dusty. 
The number of stellar diff-raction rings passed through a given diaphragm aperture is approximated by 
Dr 
kX 
(KenKnight 1985) 
where 
n the number of diffraction rings 
D telescope aperture in metrcs 
r radius of the diaphragin aperture in radians 
ka constant ( "Ilis has been determined by KenKnight as typically 1.6) 
%= the wavelength of light in metres 
Since an object is ccntred in the diaphragm aperture by eye, it is inevitable that it will not be placed, 
exactly in the centre and a misalignment of from 10 to 20 rings will occur which corresponds to 5 to 
10 arcsecs for a 300mm telescope. KcnKnight reports that the change in transmission by an aperture 
for each ring of misalignment corresponds to I 
dP= 24. K. (n)-2 . (n+l)-3 ..... (7.2) 
(eq 9 KenKnight 1985) 
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%-here 
K is a constant which depends on the accuracy of the surface figure of the mirror and the 
condition of its coating. KcnKnight has determined a typical value for this of about 25 
A diaphragm aperture as small as 42 arc seconds will therefore introduce a loss in a reading of at least 
2% if the centring error is 20 rings (this corresponds to an error of 0.02 magnitudes). A common size 
of aperture is 60 arc seconds and the same misalignment will produce a loss of at least 0.7%. The 
cffcct of this error is reduced when differential photometry is used as the ratio of the measurements is 
taken. As long as the ccntring error is similar for measures of the object and th ref, ren s the ee cc tar 
losses will cancd however in practice this is unlikely and so there will be a random error introduced 
into the readings due to misccntering. A practical solution is to use as wide an aperture as is 
practicable to ensure as much of the starlight as possible is transmitted even if some misalignment 
-Ibe theoretical loss due to diffraction as the diaphragm aperture size varies is shown graphically in 
Figure 73. 
The photometer head design includes a small miffor that can be flipped into the incoming light path 
to divert the bcam. through a relay lens to a 12MM focal length post-viewing eyepiece with illuminated 
cross, wircs. This arrangement 
is used to centre the object in the diaphragm. The miffor is then 
flipped out of the light path to allow a reading to be taken. 
A 19mm diameter 37.5mm focal length piano-convex lens is used as a Fabry lens positioned 40mm. 
from the 0110tocathode. By this mom, a ddocused image of the primary telescope mirror is cast onto 
the photocathode, which minimises; both the cffects of any variation of sensitivity across the face of 
tbC photocathode, and also the effects of any minor errors 
in the drive. In this design, the image spot 
is approximately 5nun in diameter at the photocathode (the minimum dimension of which is 8mm). 
Formulae for the design of Fabry lenses arc given by Hall and Genet (1982) and Henden and 
Kaitchuck (1982). 
optical filters, approximately matching the Johnson UBV photometric system (Allen 1973), arc 
carried on a sector plate positioned 
between the Fabry lens and the PNM An exact match is not 
possible as the spectral response of the photocathode 
differs from that used originally to establish the 
system and the glass 
filters have a slightly different colour transmission from those originally used 
(and indeed between different production melts). The 
filters are 15mm squares of filter glass, I min or 
2mm in thickness, suPPUed by Schott' The spectral response of the photomultiplicr/filter combinations 
used calculated from the graphs 
by Schott (1985), are shown in Figure 7.4 together with the Johnson 
standard UBV passbands. 
Changes in the temperature of the filters can shift the passbands by up to 10 
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nanometers/0C (Young 1985). If observations are required to an accuracy of omi magnitudes, then 
the temperature of the filters must be maintained within a few tenths of a degree during an observing 
nHL The value of temperature for stabilisation is only significant if absolute photometry to 
millimagnitude accuracy is being carried out from high altitude observing sites. 
Tb., - pW socket, dynodc chain and head amplificr are also carried in the head, see Figure 7.5. No 
magnetic shielding for the PMT has been included. Sidc-window photomultiplicr tubes have been 
used, which arc less susceptible to mors from stray magnetic fields than cnd-window tubes. In 
praCtiCC no changes in photometer reading have been experienced which could be attributed to 
clemomagnctic interference. 
, Ibc complete photometer head weighs 0.7 kg. Adjustments can be made easily since one side of the 
bead is detachable to allow access to the PMT and electronics. A schematic layout of the photometer 
is givcn in Figurc 7.6. 
7.3 Choice of Photomultiplier 
, Ibc photomultiplicr selected was a IP21 side-window tube. This qW of tube was used by Johnson 
and Morgan (1953) when the UBV photometric system was originally established, and later extended 
by Johnson and Harris (1954). This photometric system is wideband and is closely tied to the 
Morgan-Keenan (MK) stellar spectral classification. 
Cooling the PMT is one method commonly employed to reduce the dark current. Cooling the tube to - 
200 C can reduce the dark current by a factor of at least 200. Changes in the temperature of the tube 
can give rise to changes in the sensitivity of the tube as 
illustrated in Figure 7.7 taken from 
IL%namatsu (1982). A typical value for this change is -0.50/ *C (Stubberfield 1985). ling 0/ Coo with 
dry-ice can give rise to variations of temperature as the charge carried in the head sublimates (Miles 
19g6) resulting in variations in tube sensitivity. According to Rosen and Chromey (1985) gain 
variations may become an 
important source of error at the 1% level in pulse counting systems unless 
special precautions are taken. Electric cooling 
by the Peltier effect would hold the temperature and 
sensitivity constant (Walker 1986) 
but at the expense of increasing the weight of the head. The effect 
oil the dark current of dehumidif3ing the 
head using silica gel desiccant that has been dried by heating 
in an oven has been measured during this project and 
is shown by Figure 7.8. 
, Xpcrirnents carried 
out in connection with this project have shown that the effects of dehumidifying F 
and rchumiddying are reversible. 
A photomultiplicr stored in a damp environment can be brought to 
a usable state in less than 24 
hours. It is probable that the poor reputation of side-window 
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photomultipliers comes from their use undesiccated in humid environments, the results in Chapter 8 
speak for themselves. 
In the IP21 photomultiplier, photons pass through a borosilicate glass window and encounter the Sb- 
Cs type photocathode, where photoelectrons are generated. Nine semicircular dynodes amplify these 
photoclectrons. Several PMTs were used during the course of this project and all were manufactured 
by Hamamatsu. The certified dark current of each was less than 1 nanoamp at 1000 volts, 25*C and 
normal humidity. The typical rated sensitivity of the anode is 830 amps/lumen and the cathode is 50 
amps/lumcn under the same conditions. A corresponding amplification of 13.6 million is obtained at 
-1000 volts. At the typical operating voltage of -700 volts, the actual anode dark current recorded in 
the dehumidified head was 5 picoamps. At this voltage the current amplification is approximately I 
njillion (derived from the manufacturer's data). The typical anode response curve for the 
photomultiplier is illustrated by Figure 7.9. 
The dynode resistor chain consists of eight 330 Idlohm resistors from DI to ground with the K-DI 
resistor being 50% greater at 500 kilohm. as recommended by the manufacturer. 
observation at the telescope indicates that the measured dark current corresponds to the signal 
received from a star of magnitude 14 using a 300mm aperture telescope. At a signal-to-noise ratio of 
I this would correspond to the lower limit for observation. 'Me Shot noise on the dark current of 5 
picoamps is 0.4 femtoamps for a 0.1 Hz bandwidth. The Equivalent Noise Input (ENI) is a measure of 
, be amount of electromagnetic radiation, in Watts, required to produce a S/N ratio equal to I and is 
givcn by 
ENTI = (2. g. LB. G B--P-' ... (7.3) 9- 
(Hamamatsu 1982) 
whCre 
q the electron charge (1.60.10-19 coulombs) 
G the current arnplification. 
B bandwidth (Hz) 
S anode radiant sensitivity (amps/watt) 
Idn dark current in amps 
The ENI of the IP21 device employed under normal operating conditions is 2.2.10-19 Watts. 
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7.4 ffigh Voltage Power Supply 
A photomultiplier requires a high dc voltage for operation. Each dynode requires a potential of about 
loo volts and for the IP21 it means a supply at -700 volts to -900 volts. The load is mainly that of the 
dynode chain and as this is a high resistance (3 Mcgohms) the power supply only needs to be capable 
of supplying atclatively low current (I milliamp). 
The gain of a photomultiplicr can be expressed in the form 
G-K. Vu-n ... (7.4) 
(Hamamatsu 1982) 
where 
G is the gain of the tube 
K is a constant 
V is the applied voltage 
n is the number of dynodes 
a is a dynodc coefficient (measured by Hamamatsu as typically 0.7 to 0.8) 
For a ninc-stagc photomultiplier like the lP21 type the tube gain is approximately proportional to the 
seventh power of the applied voltage (see Figure 7.10). For this reason it is advisable to regulate the 
output of the HV power supply so that both drift and instability are reduced to a minimum. Short 
term stability in the supply voltage over a time scale of I to 10 minutes should be ±0.1% or better, 
corresponding to a change of 0.7% in the photometer output. Ile resulting error in an observation 
would be 0.008 magnitudes. At an operating voltage of -700 volts this means that a steady drift of 
less than i volt over 30 minutes would be acceptable. 
The basic design criterion was to produce a variable regulated HV power supply that can deliver -600 
volts to -1000 volts at a maximum output current of 1.5 milliamps and with a short term drift of less 
than I volt/hour. 
Commercial modules suitable for use with photometers arc available but costly. The design prepared 
for this project can be constructed cheaply even including case and low-voltage power supply. 
Th= main methods are available for generating high voltages. The most simple of these is the use of 
a bank of batteries in series to achieve the voltage required. 11igh voltage batteries tend to be 
expensive, are sensitive to ambient conditions and have a limited shelf life. A more practical 
alternative employs the mains; electricity supply which is multiplied to the required voltage using a 
stcp-up transformer and then rectified. The output may be stabilised using high voltage Zener diodes. 
However the most satisfactory method is to use a dc-to-dc converter. The principles of this circuit are 
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discussed by Horowitz and Hill (1980). Here, a stabilised low-voltage dc drives an oscillator working 
in the range of 20 kHz to 55 kHz. The transformer is wound on a ferrite pot-corc to produce an 
alternating high voltage source. This is then directly rectified or else rectified in conjunction with 
either voltage doubling or quadrupling. One practical design has been describedby Hopkins (1981). 
The new HV supply circuit presented here was designed with the assistance of TC Platt and is shown 
in Figure 7.11. It consists of a 50 kHz master oscillator driven by a 4069 CMOS IC (see Watson 
ransf 1983) which pulses a VMOS driver transistor to provide the ac into the transformer. The t ormer 
is wound on a standard RM6 pot-core. The output is fcd to a voltage quadrupler/rcctificr. The output 
is approximately 180OV. Voltage control is provided through a CA3140E op-amp used as a 
comparator. This IC has the great advantage that it can be fed from a single-polarity power supply. 
The non-inverting input of the op-amp is grounded to provide a fixed reference. Tim HV is fed to the 
inverting input through a 10 Mcgolun resistor, which is balanced by a reference voltagetvariable 
resistance circuit. The output operates a current mirror which acts as a transistor switch which, when 
switched on, grounds the output of the master oscillator. Control is thus effected by altering the 
maWspace ratio of the pulses and adjustment of the output voltage is provided by the variable 
feedback resistance since 
V.. t = Fcedback Resistance. 
Reference Volta 
..... (7.5) Referencc Resistancc 
For values of reference voltage between 5V and 7V zener diodes are adequate. In this range they are 
adequately stable to changes in temperature and indeed 3.8V is a standard reference used in 
computers. 
()n test the finished device showed a stabilisation period of less than 30 minutes during which the 
drift was 6V (0.9%). After this initial warming-up period the Output subsequently drifted by only 3 
volts (0.5%) over 7 hours. During this test the temperature of the room varied by approximately IOOC 
from l9oC to 90C. The maximum recorded short-term variation gol sec) was 1.2 volts (0.2%). The 
measured variation in voltage is shown in Figure 7.12. As mentioned abovc, a steady drift has little 
effect on the accuracy of the final result provided that differential photometry is used. With this 
method, readings from the object under observation are bracketed by observations of the reference 
stars. The readings of the reference stars can be averaged to estimate their value at the time readings 
of the object were taken. 
Tbe Zener diode of the above instrument has since been replaced by a ZNREF025 2.5V precision 
reference voltage source. This 
is a stable reference at normal operating temperatures and has 
eliminated drift in the voltage supply. 
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7.5 Detector Electronics 
in 1980, Intersil introduced the ICL7650 op-amp (Intersi, 1980). This device has internal chopper 
stabilisation which reduces the input offset drift to o. ol microvolts/, C (compared to the Analog 
Dcvices AD515, one of the best examples of earlier designs, with a typical drift of 15 to 25 microvolts/ 
0Q. The typical input bias current at 250C of the ICL765.0 is 1.5 picoamps. With at5 volt power 
supply it gives a maximum output of approximately 4.8 volts. 
-rbc circuit design makes use of this op-wnp, operating as a currcnt-to-voltage converter. The op-amp 
S. feedback resistor comprises a T-network of three small value resistors (See Dupuy 1983) to obtain a 
high equivalent resistance without using high value resistors. High value resistors-pose handling 
problems as any external contamination (for example from fingers) can significantly affect the 
rr . sistance 
by providing an external current leakage path. Low-value resistors should also be avoided 
owing to a significant contribution from Johnson noise, as discussed later in this section. The 
equivalent feedback resistance R of a T-network is given by 
R1+ RI / R2 ..... 
(7.6) 
'eq 
(see Figure 7.13) 
-Me output voltage is related to the input current by Ohm! s Law 
Yout 2-- -'in . Rq ..... 
(7.7) 
,, be circuit designed for this project is shown in Figure 7.14. It will handle photocurrcnts between 
1500 nanoamps and 0.025 nanoamps (full scale) in three gain ranges. It is built on double-sided, 
glass fibre, printed circuit board and the 
layout hýs been designed to minimisc leakage currents and to 
screen areas where 
low currents occur. 
-, be output is fed to a Teledyne 9400CJ V-to-F converter. The use of voltage-to-fiequency conversion 
allows much greater accuracy than that attainable using a chart recorder. As there is a digital output 
the= is a great dynamic range possible for each gain setting. A 9400CJ V-to-F is used for this design 
since it has a typical linearity of 0.01% when scaled for a maximurn output of IOKHz (Teledyne 
1980). The circuit design follows the recommendations of Teledyne but has -been rescaled to give 
maximum output of 13 KHz for a 4.8 volt 
input. This output value was originally chosen because the 
computer compatible frcquency/2 output, when counted 
for a 10 second gate period, yields 65536, 
corresponding to 216 which was counted using 
2 bytes of memory with a Z80 based computer. In this 
design 
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f. 
ut =V/ 
(R, Vrf . Cf ) ..... (7.8) 
The V-to-F used by DuPuy has no zero offset and an extra op-amp is used as a comparator. A third 
op-amp is used for second stage amplification to scale the input of the V-to-F. The 9400CJ V-to-F 
used here has a built-in offset null, and no second stage amplifier is necessary. This circuit is 
therefore much simpler than DuPuy's circuit. The offset is adjusted to give a count of about 20Hz on 
the highest gain setting of the amplifier. This ensures that a valid reading is obtained under all 
operating conditions since the V-to-F will not register voltages that arc negative with respect to the 
nulling voltage. 
The 9400 has two outputs. The frequency (f) Output gives Pulses of about 3 Inicrosetonds duration 
which will drive a frequency counter. The other Output produces a square wave of frequency/2 g12) 
which is ideal for interfacing to a computer. For this circuit 
fout = 2.614 . 
109. ýhowmt (1+105 /Rpi, ) 
... 
(7.9) 
where 'photocuffed is the photornultiplier output current in amps 
Rg. in is the value of the switched gain resistor 
jU high gain setting resistor is 620 and an output frequency of lHz represents a photocurrent of 
0.23 Inicroamps. For visual display and recording, the f output is fed to a frequency counter based on 
the ICM7226A IC in a circuit similar to that of the RS Components data sheet (RS 1982). This 10 
MHz counterldisplay driver can be operated for gate times of 1 second or 10 seconds. 
A full discussion of the sources of amplifier noise is given by 14orowitz and Hill (1980). Two main 
sources should be considered in this application. These are Johnson noise and Shot noise. 
jobnson noise is generated by the random movement of electrons in components. It is a white noise 
source which is dependent on the temperature only. The noise current is described by the following 
rclationship 
Jýoj, e(rms) = 
(4. k. T. B/ R)0-5 
wherc k= Boltzmann! s constnt (1.38.10-23. 
V2 Hrl ohm-' ) 
T= Absolute Temperature (*K) 
B= Bandwidth in Hz 
Rcsistance (ohms) 
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Shot noise is produced by the random elements of current flow. Like the Johnson noise it is a white 
noise source. 
In. i. (rms)=(2. q. ldc B)0-5 (7.11) 
where q= the electron charge ( 1.60.10-19 coulombs) 
B= Bandwidth in Hz 
I& = dc currcnt flow in amps 
-1be bandwidth is equal to the reciprocal of the integratio; time when V-to-F conversion is used 
(Horowitz and Hill 1980). Assuming an observing temperature of IOT and a T- resist6r network of I 
Megohm., 100 kilohm, and 62 ohm resistors, a1 Hz bandwidth will produce a Johnson noise (rms) of 
15.9 microamps. Increasing the integration time to 10 seconds will reduce this component to 5 
microamps. This noise component is generated in the 62 ohm resistor. The other resistors contribute 
noise at least two orders of magnitude lower. Though termed noise, it is the random variation in this 
current which gives rise to errors in the observations (the noise on the noise current). Though not 
assessed specifically during this work the results obtained at the telescope suggest that the random 
variation is at least ten times lower than the Johnson noise. 
]For this design of amplifier, given a bandwidth of 1 Hz and a photocurrent of looo nanoamps, the 
Shot noise generated is only 0.6 microamps and so can be effectively ignored. For a dark current of 5 
picoamps the Shot noise 
is only 0.0004 microamps, which is too low a value to affect the reading from 
the V-to-F. 
When faint sources are measured the accuracy attainable is limited by the Johnson noise. Accuracy 
cart only be improved by reducing the bandwidth, i. e. increasing the measurement time. If the 
integration time is increased from 10 seconds to 40 seconds the Johnson noise component is halved 
from 5 microamps to 2.5 microamps. The dark current of the system has been regularly measured 
during the course of each nights observation there is a variation as the external temperature changes 
and also as the system warms up. The variation during the course of several successive counts is 
found to be ±2 Hz corresponding to a noise on the dark current Of approximately 0.5 microamps. 
7.6 Computer Interfacing 
Astronomical photometry and associated data acquisition is perfectly feasible manually, but data 
reduction is much simpler 
if a microcomputer can be used and many suitable programs have been 
published (such as Genet 1980 
(i)). The options for carrying out some form of automation depend on 
the nature of the observing programme contemplated. 
One approach is to use the computer for 
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telescope control as well as for photometer control, thus dispensing with the observer altogether 
(Boyd, Genet and Hall 1984). Fully automating'a telescope in this way is a difficult and time 
consuming process. However, successful designs have been completed and described in detail 
arueblood. and Genct 1985). Automating only the photometer is easier but does require additional 
hardware including stepper motors and drivers for changing apcrturcs and filter wheels (Fried and 
maimcry 1983, Zeilik and Elsdon 1982). 7bc simplest form of computer interfacing is a direct link of 
the photometer V-to-F output to the computer which is used for recording the signal and reducing the 
data directly. One such system has been described by Gcnet (1980 (ii)). 
The computer used in the present work is an Amstrad Portable PPC1640. Initially data was input 
manually using a compiled BASIC operating program. It has no 1/0 ports built in aind so one was 
designed and built using an 8255 PIO interface chip and a crystal controlled oscillator ninning at 
4MHZ for integration timing. It is programmable to allow integration times between 0.02 and 20 
seconds. it can be used for high speed occultation observation as well as conventional photometry. 
The f/2 output of the V-to-F circuit is fed to the 1/0 device and the changes of state are read using an 
8253 Counter/Timcr IC. 
Tbe software has been custom written for this PrOject using TurboBASIC and follows a sequence 
siniiiar to that descritbed by Fitzgerald and Shelton (1982). Data reduction follows outline schematics 
and formulae given in Henden and Kaitchuck (1982). However manY improvements and 
enhancements have been added during use, allowing display of graphical reduced results during 
observation so that a check on progress can be made 
in real-time. 
7.7 . Rehability and Accuracy 
The photometer system has seen extensive operation since commissiorung in May 1983. It has proved 
reliable in operation though there 
is an occasional problem when extra pulses are recorded if certain 
electrical appliances are operated nearby - 
for example the switching of thermostats. Readings taken 
when this has happened are obviously too 
high and can be rejected by inspection. Fortunately this is a 
problem that arises infrequcitly. 
The main sources of error inherent in the system have been discussed earliej the maximum value 
being the sum of the noise of the dark current of the Photomultiplier and the noise on the Johnson 
noise in the main gain resistor 
(value 6211). Each of these have a basic current of 5 microamp and a 
random noise variation of the order of 
0.1 of this. Other errors are introduced from the source and 
. 1. 
The major source of error is photon noise. The detected photon flux can be approximated by sk 
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F-1.06.10" . 
A. E. 10-0-4(-k) 
..... (7.12) 
(Miles 1986) 
where F the photon flux in photons per second 
A Collecting area in =2 
Collection efficiency -0.017 
M Apparent visual magnitude of the source 
k= Atmospheric extinction coefficient in the visual waveband in magnitudes per 
airmass (Typically 0.30 to 0.35 at the observing site) 
E= is the product of the typical efficiency of the optical system (-0.35) and the sensitivity 
of the detector (-0.05) (Miles 1986). The value of E for the system is -0.022 which is 
derive from the product of the efficiency of reflection at the two aluminised surfaces 
(65% assumed) and the transmission of the four glasslair surfaces (95% assumed). 
For a source in the zenith taking k=0.3 Eq 7.12 reduces to 
F= 23.8.103 . A. 
10-0.4m 
..... (7.13) 
(see Figure 7.15)(Miles 1986) 
-rbe current output of the photomultiplier is given by 
Photocurrent = PMTgain .F. q..... (7.14) 
PMT gain _1()6 
q is the electron charge (1.60.10-19 coulombs) 
Hence a flux of I photoclcctron/second produces a photoc=ent of 0.16.10-12 amps. 
I 
Using equation 7.9 if a 62 ohm scale resistor is used then a count rate of I Hz corresponds to a 
photocurrent of 0.23 . 
10-12 amps, i. e. a flux of 1.5 detected photoelectrons at the main mirror of the 
telescope gives a count rate of 1 Hz. 
The photon noise error is the square root of the number of photons detected - which is the Poisson 
Statistics result and is applicable to any count. Tlere is a variation in the number of photoelectrons 
produced by the photomultiplier per incident photon but this is averaged Out during the integration. 
Using a 300mm aperture telescope, a 10th magnitude source will produce -1000 
photoelectrons/second detected (corresponding to a photocurrcnt of - 1.6 nA). With a 10 second 
counting period -1()O()o photoelcctrons will be recorded and the photon noise will be -100 which is 
0 of the signal (corresponding to an accuracy of 
0.01 magnitudes 1. rc 'I see 
Figu 7.15). For a 12th 
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Figure 7.15 -A graph showing the Photon Flux from sources of magnitudes 
for a range of telescope apertures. 
The 8mm aperture (representing the My dark adapted 
human cye) is also given for comparative purposes. 
4 
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magnitude source (-110 photoelectrons/sccond) a 10 second integration period gives a count of 1100 
photocicctrons and a noise error of 3%. It is necessary to increase the counting time to 90 seconds to 
detect a sufficient number of photoelectrons to reduce the photon noise error to less than the 1% level. 
The typical sky brightness (using an 84 arc second diaphragm) on moonless; nights and with little 
light pollution produces 20 photoclectrons per second which is equivalent to a star of V magnitude 
-13. The typical photon noise error is 0.07 magnitudes but this is only significant if faint sources are 
to be measured (fainter than mag 12) when a smaller diaphragm aperture could be used. The use of 
small apertures (<-40 arcsecs) can cause problems in ccntring the object in the aperture (see earlier) 
and also if the telescope drive has much backlash which could easily give rise to greater errors than 
tb, C noise in the sky count with a larger aperture. 
-loooo photoelectrons must be detected before the error due to photon noise is reduced to o. 01 
magnitudes. The integration time must be sufficiently long to allow this. 
()thcr sources of error are introduced by the atmosphere. The movement of air cells in the atmosphere 
gives rise to unsteadiness in the stellar image (scintillation or 'seeing). The cells are typically 
-125mm in diameter 
(Hall and Gcnet 1982) and their cffect is random. Larger apertures reduce the 
Cffects by covering several cells. In practice scintillation is the greatest source of inaccuracy in the 
m, easuremcnt of bright sources whilst the measurement of faint sources (count rates <1 KH2) is 
essentiany limited by photon noise. 
Variations in the sky transparency also limit accuracy and arc often the major limiting factor. The use 
of two telescopes taldng simultaneous measures of the asteroid and comparison star largely eliminates 
Mors from this cause. Systematic errors of a lower order can also be introduced if the value of the 
atmospheric extinction cocfficient is 
incorrectly istimated or measured. An error of 0.1 magnitudes 
per airmasS will give an error of 0.001 magnitudes 
in the final reduction if the difference in ain=s 
between the object and the comparison is 0.01. Tbcrc is a second-ordcr extinction cocfficient which 
depends on the colour index of the source. An error of 0.01 magnitudes per airmass in this coefficient 
, %ill give rise to an error of 0.003 magnitudes 
if the difference in the B-V index for the object and the 
comparison is 0.3 magnitudes. 
it is difficult to build a photometer that is an exact match to the Johnson UBV system because of 
variations in the filter glass and 
detector sensitivity. SO it is necessary to determine the instrumental 
scale factors (the transformation coefficients) to convert results to the standard system- Errors in the 
zero points cancel if 
differential photometry is used and the scale factors are applied to the colour 
indices. As Mth the sccond-ordcr coefficients an error of 0.01 in the scale factor will give rise to an 
error of 0.003 magnitudes 
if the B-V indices of the source and comparis9n differ by 0.3 magnitudes. 
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It is possible to reduce error by choosing a comparison of the same or. similar colour index to the 
object. A full discussion of the sources of error is given by Hall and Genet (1982). 
7.8 Recent Developments in Photometry 
TbC design of photometer described in this chapter has been in use for several years. There has been a 
general improvement in the equipment. The most notable of these is that the head amplifiers are now 
constructed on screened fibre I glass printed circuit 
boards. The purpose of this has been to reduce 
noise currents arising from both leakage currents and magnetic fields. This has reduced the noise on 
tbc dark current by a significant factor. 
Developments in solid state technology have not produced a more cost effective or better design for 
the electronics. Experiments with the nominally lower noise ICL7652 shower no advantage over the 
ICL7650, it is probable that the benefits in noise reduction from the PMT by desiccating with silica 
Scl are similarly experienced by the head amplifier circuit. 
Rcceritly CCD cameras have become readily available. The adoption of such cameras for Use by the 
television companies has seen a great improvement in quality and a major reduction in price. 
observers have been experimenting with their use for photometry and several asteroid light curves 
have been published in the ALPO Nfinor Planet Bulletin. In the past several factors have held back 
progress in this field. 
CCDS have been very expensive and the sensitivity of individual pixels has been highly variable. 
In addition to these factors the chips have been small. Developments in the near future are likely 
to lead to inexpensive large chips (eg 1024 
jixels square). 
2 Farly CCDs only had a low resolution (dynamic range). Currently 8-bit, 12-bit and 16-bit 
resolution is readily available: 'Merc is a trade off between sensitivity and computer memory 
usage and probably the best compromise is 12-bit sensitivity (I part in 4096) which is the level 
achieved by the photometer described in this chapter. 
3 Images use up a great deal of computer memory. A 512 pixel square CCD with 12-bit accuracy 
produces an image which requires 384 kB (this 
is a small image). With a typical observing run, 
20' images per hour would be required for perhaps 6 hours and these would require 45 MB of 
storage. Allowing for calibration images, 
dark images, etc perhaps 50 MB would be required for 
processing. Recent falls in the price of computer memory 
have halved the priced of hard disks 
during 1994, however this storage space may prove hard to find g many nighfs data storage is 
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required. The advent of cheap tape or optical disk storage may improve matters in the near 
future. 
4 The use of filters to match the standard UBVRI response curves is necessary. To ensure an even 
focus each passband must use filters of the same thickness so several neutral filters are necessary 
for this. The required thickness is 4mm. At present suitable filter holders are not readily 
available and are very expensive. 
CCDs however have many advantages in the simplicity of target acquisition and also in that 
0 
differential photometry is possible directly from each image as comparison, asteroid and sky measures 
can be made from a single image. Indeed, as many of the field stars will prove suitable for use in 
photometry, a useful by-product will be the identification of new variable stars during the course of 
this operation. One other major advantage is that the images are available for archiving, allowing 
rcmcwurement at a future time if required - photomultipliers do not store images so that not 
independent chccidng of measurements is possible. CCD photometry will shortly establish a place as 
the most important technique available for all but the brightest asteroids where pixel saturation is 
ljxly to prove a problem. There are many advantages to the use of CCDs including 
1. Differential photometry can be carried out directly from each image when suitable comparison 
stars are nearby. 
2. lmges can be stored and are available for reprocessing if more infonnation is found (such as the 
variability of a comparison star). 
3. There is the certainty of target acquisition. Even if the asteroid is initially misidentified its 
motion will be detectable after several images and appropriate reprocessing is possible. (non- 
target asteroids can also be identified). 
4. Astrometry can also be carried out from eachýimage by using the Hubble Guide Star Catalogue. 
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8. Case Studies 
Abstract 
A model for synthetic light curve generation and light curve analysis based on a 
rotating'spotty' (ie variegated) ellipsoid is derived. It is used, in conjunction with the 
geometric model derived in Chapter 4, to analyse results from space observation of 
Comet Malley and Binzers observation of 1220 Crocus confirming the state of free 
precession of the former and forced precession of the latter. Other asteroid light curves 
measured using the photometer design descr; xd in Chapter 7 are given and analysed 
using the model. Some general guidelines for obtaining light curves are formulated. 
The overall conclusion is that there is no evidence of recent collisions affecting the 
asteroids studied. The measured light curves when considered with others indicate that 
the database rotation periods given for 8 Flora and 115 Thyra are incorrecL 
8.1 Introduction 
-11as chapter gives the results of investigations into the rotation of some smaller bodies in the Solar 
Systeln in relation to their rotation modes. Two separate studies have been undertaken. ' The first pair 
cover Comet pmalcy and asteroid 1220 
Crocus. - Each of these bodies has been described in the 
-periodic. The geometry of this is investigated in the light of the model presented literature as multi 
earlier in this work to derive the geometric configuration. 
For the remainder of the chapter the results of photometric observation of several asteroids is 
prcscnte& These observations were made using the equipment 
described earlier at three observatories 
NWon Green, Ormada and Manley. Ormada, Observatory was relocated to Nfarton Green in 1989 
and is operated by the writer and Nianley 
Observatory is operated by Dr R Miles using Celestron 
350MM and 280mm Schmidt-Casscgrains (the writer acting as co-obscrver). One light curve of 7 Iris 
was measured by the late J Ells using a scmi-automatic 
telescope in 1989 at the writer's request. The 
observations bavc been compared to 
light curves generated using a simple model of a rotating 
ellipsoid with a single circular dark or 
light spot so as to derive the spin period and shape. 
8.2 Vight curve Inversion and Synthesis 
Russell (19o6) can be considered as the first person to tackle the inversion of asteroid light curves 
from a numerical standpoint. He concluded that 
it is not possible to determine, from an examination 
of the light curve alone, the 
basic cause of variation. It is not possible to discriminate between shape, 
albcdo (or topography), or 
duplicity from an examination of variations in the reflected light. The 
modem observer has a much wider range of 
techniques available than Russell and observations 
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(including those from space) are possible at all wavelengths in narrow band and polari light. %--- sed 
modem computational techniques allow rapid investigation Of Problems that would have seemed 
intractable in earlier years. However though complete inversion has yet to be successfWly carrkd out 
so= of the basic features of the asteroid can be inferred. 
Mic tight curve can be decomposed into its Fourier coefficients and a synthetic light curve calculated 
(jLuris and Lupishko 1989). One problem found in this approach is that gaps in the data (from 
incomplete ligW curves) may generate light curves which correspond to a highly improbable shape ?r 
variegation. This is illustrated by the third order Fourier fit to the observations presented later in this 
work (Figure S. 1). In such cases the synthetic curve may show spurious periodicities longer than the 
tzuc rotation period which do not correspond to any plausible rotation for a real body. Fourier 
awlysis is therefore a poor way of deducing shapes and so has not been used in this work. 
Laboratory expemments have been used to model lightcurves. The mam experiment is the SAM 
(Systm of Asteroid Model) which makes use of laboratory photometric observation of models to 
construct rotational lightcurves for a range of aspect and phase angles (Barucci et, al 1982). Their 
model does not allow measurement at very small phase angles simply because of the physical 
Obsuuction of the light source by the photometer. 
N13thematical models all follow the basic premise that asteroids are triaxial ellipsoids (Magnusson Ct 
al 1989). in practical terms there is no disagreement between this simple approximation and those 
bodies which have been observed so far. Owe an asteroid has been imaged then its light curve may 
b. =&lied by using its actual shape. 
8.3 A Simple Photometric Model allowing Precession and Albedo Variations 
Tbe apparent magniu* of an asteroid is proportional to the instantaneous illuminated area 
Papcndicuiar to the observer's line of sight (PospimaWm-Surdej and Surdej 1985). The projected 
arej for a fully illuminated ellipsoid is given by 
z-, x * abc j(sin Ayi(sin y la)2+(cos %p lb)21+ (cos 
A1 c)9 0-1 8.1 
where S -Area of ellipsoid 
a>b>c are the am of the ellipsoid 
A= the aspect angle of the pole to the line of sight 
y= the rotational phase (maximum at W=0 and minimum at ty = 7d2) 
C=tral Meridian faces the Earth at V-0 and corresponds to the maximum projected cross 
sectional area.. For non-zero values of phase angle, consideration of the rcHection process is required. 
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Using the Hapke4rvine reflection law, Surdej and Louis (quoted in Barsuhn. 1983) determined that 
the instantaneous cross section approximation is still valid. 
-fbe variation in brightness with increasing phase angle has been uwnsivcly modelled. Models have 
to explain all observed effecM which are :- 
The change in ifluminated fraction (the phase) 
A large increase in apparent brightness at very low phase angles due to multiple internal 
reflections in the surface grains (rhe opposition brightening or surge). 
The large decrease in apparent brightness at high phase angles due to multiple shadowing 
of surface grains. This effect can only be observed in spacecraft imagery and in asteroids 
which pass near to the Earth. 
Lumjw and Bowel studied this effect and produced a two-1warneter model (Lumme and Bo%wil 
Igg I (i) and (ii)). The two parameter magnitude system was adopted by the IAU in 1985 and 
descriW by Marsden (1985). A fWler description of the implementation is gkm by Bowell ct al 
(1989). 
Many asteroids exhibit a change in the overall amplitude of the light curves as the phase angle 
changes. In most cases this can be eVIained as a change 
in the aspect angle. It is also possible that 
'shadows produced 
by topographic f caturcs or due to irregular shape may also contribute to this. This 
cfred will only be observable 
for large scale features. 
precession can be considered as rotation of the axis decomposed into two planes, a movement at right 
argles to the line of sight of the observer and one parallel to the 
line of sight Movement at right 
angkS to the line of sight 
does not give rise to any variation in the intensity of received light - it only 
alters the position angle of the pole. 
Movement along the observer's line of sight alters the angle that 
the polar axis makes with this line (the aspect angle). The effect of preccssion on the light curve may 
thus be modelled by varying the value of 
A In a periodic manner. This has been done by Sher (1971), 
Barsuhn (1993) and others. 
For the- simpie requirements of this model it is sufficient to consider variations at zcro phase angle. 
Albedoeffects can be introduced in a simple way by considering rotation of a circular spot at a defined 
, aewde and longitude which may have an albedo of 
0 (datk'spot) or I (bright 'spot). 71ough this is 
udLuly for a real body the effect on shapes of theoretical 
light curves gives effects similar to those 
Observed in real light curves- 
It does not give a true estimate fbr the size of a real spot as the albedo 
of ral features will typically 
lie in the range 0.02-0.40. Local areas with a higher albedo, than the 
surroundings may modify the observed 
light curve. However it must be appreciated that albedo, 
diffemmcs of only a few percent Will tend to be lost in the noise component of the observations. More 
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Complex light curves may be modelled using more than one albedo feature but in this work it has only 
been attempted for 4 Vesta. Other shapes of feature may give a better fit though this has not been 
attempted in this work. The synthetic light curves are plotted together with the measured brightness 
of the target asteroids and considered in Sections 9.6 to S. 16. 
A composite light curve can be assembled using measurements made on a single, or several nights. A 
correction has to be applied to each night's measurements so that they are standardisedL Usually one 
night is taken as the base reference and a composite light curve can be assembled using measurements 
made on a single, or several nights. NIagnitude corrections are then applied to the other night's data 
to allow for the changing beliOcentric and geocentric distance and the change in phase angle from this 
reference night. Composite light curves are assembled using a range of trial periods, -shapes and 
ajbCdo features which arc compared with a light curve synthesised using Equation 8.1. The period, 
shape and albedo features are derived by minimising the squares of the deviations of measured from 
calculated values for each point. 
8.4 The rotation of the nucleus of Comet Malley 
During its recent return to the inner solar system, Pfflallcy was studied by five sPacecraft in 1983. 
Studies of comets and asteroids arc closely related as in many ways they appear to have a common 
origin and may represent differing stages in the evolution of bodies (see for example Weissman Ct al 
1989). 
Results from the Soviet Vega Mission (2 probes) suggested that the nucleus is an irregular ellipsoid of 
approximate dimensions 14km: 7.51cm: 7.5km and a rotation Period of 2.2 days (Sagdecv et al 1986). 
Observations of C and CN molecular emissions in the inner coma suggested a rotation period of 7.4 
days (Millis and Schleicher 1986). Observations of the shapes of gas jets on the nucleus were 
consistent with a rotation period of about 2.08 days (NWsberg ct al 1986). 
junan (1987) describes the observed rotations of the nucleus in terms of two modes of E= precession 
which he terms a long axis mode and a short axis mode, dq)cnding about which geometric wds the 
precession occurs. The feasibility of each of these modes is considered below. 
Ile dimension of the nucleus of PlHalley was derived from images taken during the close flyby by 
the Giotto probe. Ile size is approximately a triaxial ellipsoid of 16km: 8km: 7.5km. However the 
shape is very irregular and Man models it 
in terms of a dynamically equivalent ellipsoid of 16: 8: 7. 
For the purpose of this work an axis of symmetry about the x axis will be assumed leading to an 
equivalent shape which has been assumed as 16: 7.5: 7.5. 
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FIgure 8.1 - The measured light curve of 2 PaUas and the third order Fourier fit showing low gaps 
in the data are not plausibly modded using this approach 
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The Moment of Inertia for an eHipsoid with axes a and b is given by I=2M( a2 + b2) 3--- 
Hencc 0.4 *M(7,51 + 7.52 
4 
= 112.5 *constant 
0.4*M (162 +7. al 
4 
= 312.5 *constant 
/I = 0.36 
from Cbapter 4 ý)Jo) (yi cos (x 
-Me two angular frequencies are 1/2.2 rotations per day andin. 4 rotations per day. 
fVcD = 2.2n. 4 or 7.412.2 corresponding to cos a= -0.46 or -5.25 
since cos (x cannot be less than -I it follows that a= -62.30 
tan 0= W4 * tan a hence 0= -79.30 
0-a= 17* implying awobble amplitude of 340 wbich is clOse tO the value of 260 
dcrived by Sekanina (1987). 
-Me calculations illustrate that the angle between the symmetry axis of the nucleus Of met I Co Hal cy 
and the spin vector is -62.311 (117.7") with a rotation period of 2.2 days and that the angle between the 
symmetry axis and the angular momentum vector is -79.30 (100.70) with a precession period of 7.4 
dM. This conclusion is in line with that for the short axis mode given by Julian and is illustrated in 
FIgure 8.2. Julian also derives an acceptable result for the long axis mode where the shorter period is 
the precession superimposed on a lower value angular spin vector. However this result is forbidden 
under the solution presented here as it requires a cos (x <-1 (the angle between the symmetry axis 
and the spin vector). 
]Belton (1990) and Samarasinha and AHearn (1991) consider the dynamical constraints on the 
uWlear rotation. They conclude that axial rotation is most likelY about the long axis. They do not 
consider the possibility that the spin wris may not be alikned with one of the principal geometric 
=es, whereas this is the conclusion presented in this work 'ac importance of the rotation of the 
nucleus of Comet Malley in relation to this work is that it shows how a body in free precession may, 
be identified from its light curve and has allowed the testing Of the frCe-precession model on the 
rotation of a real body. 
8.5 The rotation of 1220 Crocus - evidence for a binary system? 
1220 Crocus was observed by Binzel (1985). His initial observations indicated a relatively large 
amplitude (0.87 magnitudes) with a slow rotation 
(Period 30.7 days). Further investigation suggested 
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Lbat there could be a second period visible in the data with a short period (7.9 hours) and a small 
amplitudc (0.15 magnitudcs). 
As part of his investigation he presents synthetic light curves for a freely preocssing model and one 
undergoing forced precession due to an unseen torque. His light curves differ. The free precession 
model shows a constant mean brightness with the short period variation modulated over the longer 
period one, (ic similar to AM radio wavcforms). In his forced precession model the mean brightness 
varies as that of the longer period and the short period lightcurvc is superimposed on this. 
Free precession has been considered in Chapter 4 and is the 
6te that would be induced by the impact 
of a projectile- 'Me angular velocity vector remains aligned with the principal axis of the asteroid, but 
bas an angular displacement from the angular momentum vector induced by the impact. Ile angular 
velocity vector will precess about the angular momentum vector. However flexure of the body will 
result in energy being dissipated producing a reduction of the angular displacemem Ile end state 
would be reached when the angular momentum vector, the angular velocity vector and the principal 
- are all aligned and simple single axis rotation occurs. 
, 3in=l dcrivcs a triwdal sbape for 1220 Crocus of a>b>c 24km: 22km: 12km that is 2.00: 1.83: 1.00. 
Tberatio IJI= 2(e+o/(2c2+b2+a2) 
so IA = 1.57 and MO = 1/93.3 or 93.3 
correspondingto cosa=0.0188or -180 
Since cos a cannot 
be less than Ia= 88.9' 
tan 0= I/Is * tan a hencc 0= 88.30 
, synthetic 
light curve for a freely precessing pseudo 'a -Crocus 
is given as Figure 8.3. This light curve 
is of a similar form to that given by Binzcl as ali 
illustration of free precession, namely a 
light carve amplitude for the axial rotation. Also shown is a light curve 
which requires an external 
source of torque i. e. a 
forced precession where the maximum light curve amplitude represents the 
longer (precession) period. In this case the symmetry axis and the direction of the angular velocity 
vector have been taken as aligned. 
'Me light curves have been generated using an angular momentum 
vector 75o from the symmetry axis 
(since the light curve amplitude would not be easily seen if the 
delived value of 88.3" had been used to generate the light carve) The form agrees with that observed 
by 13iji=L 
There . is a second shape, of approximately 2.0: 1.14: 
1, which yields two rotational lightcurves of the 
recluired amplitude. 
Calculation shows that the values for the angles (x and 0 are similar to those 
derived above and that the light curve for the free precession case 
is not similar to the light curve 
obscrved by Binzel. 
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As the shape of my free precession curve differs from the light curve measured by Binzcl, this analysis 
supports the conclusion that an external source of torque is required to explain the observed lightcurve 
of 1220 Crocus. 'Me most Rely explanation would be a second body in the system at a high 
inclination to the equator of the pfimary body. Assuming a density for Crocus of 2.500 kg &3 and a 
ulmn radius of the pfimary of 101cm this second body would be very dose to the primary (50km- 
lookIn distant) to achieve the required short period. If the true nature of the 1220 Crocus system is 
that of a binary asteroid then the shapes derived above would not apply as they have been calculated 
for a single rotating body. 
8.6 Newly Measured Light Curves Analysed using the Simple Photometric Model 
A major part of this project has been the observation of 10 asteroids using my equipment design 
described in chapter 7.12 light curves have been producect Due to variable weather conditions four 
have been derived from continuous observation during a single night, three from observations during 
a week or two and the remainder assembled 
from observations taken over several months. Estimates 
of thý errors in the light curve 
data points arc given in the table. The internal consistency of each data 
WE is good (usually better than 
0.0 15 magnitudes) however external factors (such as transparency) 
may vary during the course of a night so that the adoption of this value would 
imply higher precision 
justifiable. The errors in the light curve data points have been estimated from the phase plot at than 
the maximum spread from the mean value which gives a 
higher error in most cases. 
Various methods have been employed in the past to determine rotation periods when observations 
have been taken over several nights. The traditional method is to use the eye to align definite features 
3. nd use these to successively refine 
the estimate of the period. Tbough simple in application the 
method suffers the shortcoming that there 
is a sikiective element and unconsciously the observer may 
try to impose his preconceptions of the true period on the 
data. 
'A more objective method has been prepared 
by Harris and Lupishko (1989), using a Fourier Analysis 
OFALC) program. As explained in 8.2, Fourier analysis gives few clues as to the of Light Curves 
sms and has the drawback that if there arc gaps in the data a synthetic light curve underlying mechanis 
=y deviate markedly from that expected 
from the rotation of a real body. In addition it is quite 
possible that successive cycles of 
the synthetic light curves have differing sha*. 
To 0, vCrcomc the repeatability problem the analysis 
has been carried out using a reduced Xý fit to the 
synthetic nWel 
dcscnl)cd in 8.3 (Bevington and Robinson 1992). 
ý? =i 
[calculated-observed] 2, 
vv J=1 cy 
2*V .............................. 
(8.2) 
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where X, l = the reduced xý 
v= the number of degrees of freedom - in this model (n - p) 
n is the number of observations 
p is the number of fixed parameters - four in this model scmi-major axis 
semi-minor axis 
spot radius 
spot longitude 
a= standard deviation of the observations 
calculated-observed = the difference between the calculated and measured values for each 
data point. 
, rbe value of the reduced Xý is computed for a range of trial periods and the minimum value is 
derived. A graph of brightness vs phase should show a simple smooth curve. If this is the case then 
the period is taken as a true representation of the data. The adequacy of the model was tested using 
synthetic light curve data. 100 complete cycles of sin curve of amplitude 0.3 magnitudes and pcriod 
of 9 hours were calculated using a random data temporal spacing and a random error of ±0.02 
magnitudes. Most of the data was then deleted leaving 5 sets of data 4 to 6 hours long mimicking real 
Ob, scrvation data. When several different sets were run through the model the correct period was 
derived each time. This was also found to be the case when an albedo feature was introduced into the 
synthetic data set. 
iiie crudity of the model does not allow modelling of fine structure in the lightcurve since the 
F, nthctic lightcurve is not a precise match. 
It is however periodic and makes use of all the data. It is 
quite adequate for determining Periods, the estimate of which depends mainly on matching phase over 
, xtended periods, rather than on 
detailed light ctuve shapes. Corrections for varying Solar and 
Geocentric distance are used to correct brightness to a standard distance. Light travel time corrections 
are small and have, in general, not 
been applied. For example even a change in geocentric distance of 
0.5 AU over 30 days for an asteroid with a rotation period of 12 hours would produce a mean error of 
only 4 seconds in an individual rotation cycle 
(0.001 hours) and changes near opposition are less than 
this. An estimate of the ratio of a: b (Iong axis to short axis) is given: this is a lower bound solution 
as a and b only represent the 
length of principal axes when the asteroid presents an equatorial aspect 
to F -ors as they depend both on the accuracy of the , arth. 
The derived values of a: b have large cn 
, wasurements and the goodness of 
fit of the model (the errors arc greater for low amplitude light 
curves than for those with a greater variation). 
Ille cornposite light curves are shown for 1.2 cycles. The repeated points are shown to illustrate the 
continuity of the 
light curve though, naturally, they are not used in the analysis. A typical 
measurement error 
bar is also shown on the graphs. 
, 111c accuracy of any period fit, especially 
if there is asynunetry in the light curve, must be tested by 
plotting the composite 
light curve. if the measured points lie close to a smooth curve then it may be 
assumed that the 
fit is satisfactory. Real fine structure on the light curve can easily result in an 
x oxe 
40"Kßtwn voctor 
w v4 »«$ prwew lb&A 
Rr Uonwntum v4a« 
nge 1 mvohdkm in IA. 7 d" 
z =is 
Pseudo-Crocus 
2 
Figure 8.3 - Tic rotation geometry of 
1220 Crocus and ryndxlic light curves for Ree and Forced Pr=ssion 
cascs dcrived in this work 
Spur, vactot Rotsdon Period 7.9 hours 
02468 10 . 
12 14 16 
Rotafion Cycles 
93 
erroneous period being highlighted which can be discounted by a visual inspection of the composite 
curve. This is illustrated in the case of 115 Thyra when a period apparently compatible with 
observations made in 1978 and new observations in 1983 for this work is discounted as it does not 
provide a good fit to the 1983 measurements. 
-Me results are summarised in Table 8.1 and discussed in Sections 8.7 to 8.16. A discussion of the 
njethod of assembling composite light curves and 
how to derive accurate periods when weather 
conditions impose constraints on the availability of observing time 
is given in 8.17. 
Table 8.1 
Derived Error in each 
Asteroid 
_; wý 
Period (Hrs) point (mag) Class New Class Observers a: b 
I Ceres 9.075 ±0.015 0.005 
G Ceres-like A0. Hollis 1.071: 1 1986 Mar I&2 
2 Pallas 7.797±0.002 0.02 
B Pallas-like AJ-Hollis 1.09: 1 1991 Apr 22,25 
1991 May 2,5 
esta. 4 Vesta 4 5.320 ±0.040 
0.01 V Vesta-like P-Miles/A. J. Hollis 1.030: 1 1985 Apr 23 
i 7.140±0.030 0.015 
S Juno-like J. Ells 1.17: 1 1989 Feb 15 
77 ILnr s 
7 Iris 7.137±0.005 
0.02 A. J. HoUis 1.138: 1 1991 Aug3 I, Sep 1,7 
Oct 3 Nov I 
03±0.03 26 0.015 S Flora-lilce A-J. HollisRMiles 1.026: 1 1984 Jul 24, Oct 1,3 9 Flora . 
M. DumontC. Bernbrick 19940et22,23 
1-5 Eunmua 6.080 
±0.002 0.015 S Flora-like I A. J. Hollis/F. Mellilo 1.471: 1 1985 Oct 7,13,14,17 
6.432 ±0.004 0.01 E Psyche-like R-Miles/A-J. Hollis 1.347: 1 1983 Oct 28 44 N 
6.493 ±0.020 0.005 (bigb p,, ) P-Miles/A. J. Ilollis 1.322: 1 1988 Jan 7 44 
44 6.434++-0.030 
0.01 AJ. Hollis 1.347: 1 1992 Jan 9 
797 ±0.005 7 0.025 S Juno-like P-Miles/AJ. Hollis 1.158: 1 1993Feb3,8,11,16 j ILTh m 
. 
Z, . 
416'Vitticma 5.372±0.001 
0.01 S Juno-like P-Milest&J. Hoffis 1.384: 1 1989 Mar 7,9,29 
1989 Apr 4,15 
1989 May 6,7,10 
, 751 ]Wna 23.680±0.03 
0.005 c Pallas-ble R. Milcs/AJ. HoUis 1.367: 1 1988 Oct 31, Nov2,3, 
Nov 14,20, Dec6,16,30 
1 1 1989 Jan 4,10,12 
Companson is made to data from other observers 
in the light curve database. This is a machine 
readable file of 
data digitised from published light curves held at Uppsala Observatory and is referred 
to simply as wthc 
database". Initially this was published in printed form as a catalogue. Composite 
light curves (where several nights 
data are shown on a single light curve) have been separated (where 
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possible) so that individual nights measurements are listcdL No estimate of the errors in the data sets 
have been made though likely errors can be gauged from the scatter in the lightcurves. Several of the 
light curves measured for this project have already been incorporated in this database and the 
rcmaindcr will in due course. 
Reference to the reduced jI plots on Figures 8.4 to 8.17 show that the curves arc smooth and show 
n1ininium. values indicating well dcfined periods. Alias periods indicated by minima near to the 
prime minimum are to be expected due to the large gaps in the data due to daylight and poor weather. 
8.7 The rotation of I Ceres (Figure 8.4) 
Ceres was observed by Hollis at Ormada observatory on 1986 March I&2. Approximately 701/6 of a 
complete light curve was obtained when the two nighfs measurements arc combined. Ceres is the 
jagest of the asteroids (a diameter of 913km from IRAS data) and the rotational light curve is of low 
amplitude (0.06 mag during this data run). Though bright, its light curve has not been well studied 
a, nd this is probably due to the low amplitude as errors in observation can significantly affect the shape 
of the measured light curve. 
Using the least squares fit to a rotating 'spotty' ellipsoid, a period of 9.075 ±0.015 hours provides the 
best fit to the measured data. The adopted period in the master database is also 9.075 hours and an 
amplitude of 0.04 magnitudes (Batrakov et al 
(1994)). An indicated shape of 1.08: 1 for the observed 
a. b v; as derived at this opposition - no estimated 
figure is given by Nlagnusson (1989). No error 
ranges for periods are given 
in the database. 
this work are in complete agreement with the values given in the database though it is ne results in 
possible that the amplitude of the 
light curve has been underestimated slightly in the database at 0.04 
magnitudes as a value of a 
06 was measured in 1986 
8.8 The rotation of 2 PaRas (Figure 8.5) 
2 Pallas was observed on six nights in 1991 over a period ofjust over two weeks by Hollis at Marton 
Green. Approximately 80% of a complete light curve was obtained. Ile rotating ellipsoid fit gave a 
solution of 7.797 ±0.002 
hoim for the observed synodic rotation period. This compares with a 
derived period of 7.811 hrs in Batrakov et a]. The derived value of a: b is 1.09: 1 which is within the 
range of 1. ()6: 1 to 
1.14: 1 givcn by Magnusson. 
, Me error rcflccts both the incompleteness of the 
light curve and, more significantly, the poor 
observing conditions 
during the course of the observing runs. None of these was longer than 2 hours. 
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8.9 The rotation of 4 Vesta (Figure 8.6) 
4 Vesta is the third largest of the asteroids and probably the most studied. This is not hard to 
understand since it is easily the brightest asteroid and fi-equcntly appears brighter than the nominal 
limit for naked eye visibility (mag 6). It was observed by Wes and Hollis at Manley on 1985 April 
23 when a complete light curve for one rotation was obtained. The rotation is well documented from 
photoelectric lightcurvcs and only one maximum and one minimum per rotation is seen rather than 
the more usual two (this result being inferred from the change in colour during the course of a P 
rotation). The light curve was 
interpreted as the rotation of a nearly spherical asteroid with a single 
dark albedo feature. The albedo feature was onginally inferred from studies of light polarisation 
throughout several rotation cycles and it is from this data that the single periodicity has been deduced. 
, -he recent publication of a set of images from the Space Telescope showing most of one rotation of 
Vesta has confirmed these interpretations (Sky and Telescope 1995). It is pleasing to note that the 
shape and variegation calculation was performed 
before the publication of the Space Telescope images 
,h serve to validate 
the conclusions presented in this work. wbic 
A- model has been published by CcUino et al 
(1987) which makes use of all the then published light 
curves. They assume that 
Vesta is an ellipsoid with a: b equal to 1: 1 (ie a spheroid). They model the 
jjgW curve by assuming the presence of a single 
bright spot but their synthetic light curve is 
unsatisfactory as 
it is smooth and does not have the characteristic hump on the ascending branch of 
tbc light curve which 
is present on nearly all the measured light curves. 
Ile light curve of Vesta, obtained 
by Hollis and Miles during the course of this project, is typical of 
all those recorded. 
I'lie form is of a sharp minimum with a slow rise to ma)dmurn with a short 
standstill 
during the rise. From the broad maximum there is a sharp fall 
- 
to 
Using the light curve synthesis program 
it is possible to break down the curve into its component parts 
and then reassemble a synthetic 
light curve. Using this fit a synodic period of 5.320 ±D. 040 hours has 
been derived and a-b shape parameters 
I 
Of 1.018: 1 from a model assuming a single dark spot. The e 
airve shows a well 
defined minimum. The curve with a second spot is also given and the shape facto 
,r 
'a: b fron, this fit is 
i. 030: 1. This result is indicative that the main variation is derived from albedo 
ariations rather than shape. 
This contrasts with the conclusion reached by 611ino et al (1987ý 
V, 
however it should be noted that their synthetic 
light curve does not well model the characteristic hump 
on the light curve 
just before ma-dmum. This feature is just noticeable in figure 8.6, but has also been" 
rI Ccorded on most Of 
the Published light curves and therefore appears to be real. The currcntly 
adopted synodic rotation 
period for 4 Vesta is 5.342 hours (Batrakov et al 1994) and the shape factors 
-an from 1.01: 1 to 1.17: 1 (Wpusson 1989). The results from this work support the lower r, ge 
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c5timte. The unthetic curve deviates from the measured curve during the fadc from maximurn. 
-nds suggests that a second dark 'spof would be necessary to model the shape - this deduction is 
confffmed by refdring: to the published images where two dark regions can be seen. 
-rbe large error in the period (0.04 hours) reflects the fact that insufficient overlap of the light curve 
for the next cycle was obtained. Alternatively (and probably to be more accurate) a second nighfs 
zrvation should have been attempted had weather conditions allowed. Obc 
Ile two synthetic curves give a poor match to the descending branch of the light curve. The two 
r . ircular spot solution 
is a much better approximation and it seems likely that a single elliptical spot 
v, vWd improve this. Reference to the Hubble Space Telescope images suggest that tht dark patches 
arc far from circular and it is thus unlikely that an exact match can be achieved mithout introducing a 
IMO . re complicated shape to the 
fit. 
8.10 The rotation of 7 Iris (Figures 9.7 and 8.8) 
7 Iris v; as observed at two oppositions. Firstly, on 1989 February 15 by the late J Ells from Dartford 
in ycnL This observation was requested by the writer as a suitable test for the Ells Semi-Automatic 
Tcjcscopes suitability to follow and measure a moving target over a period of 7 hours. In addition it 
". as also observed, 
by Hollis, over five nights during a two month period in 1991 when approximately 
goo/. of the light curve was measured. 
. Me rotating ellipsoid fit gives synodic periods of 
7.140 ±0.030 hours and 7.137 ±0.005 hours 
, Ctivcly 
for the two oppositions. The earlier result is poorly constrained as a co respe mpletc rotation 
cycle vvas not measured and results 
from a secoýd night's observation are not available. Tile results 
for tbz second opposition show considemble scatter, 
but the measurements are spread over a long 
tilncscale so the period 
is well constrained. The shape factors derived for a: b are 1.17: 1 and 1.138: 1 
OspcCtively. 
The period given by Batrakov et at is 7.139 hours and the shape factor given by 
NUPusson are 1.19: 1. 
Ae results are in excellent agreement with these values. 
8.11 The rotation of 8 Flora (Figures 8.9 and 8.10) 
8 Sora is one of the most enigmatic of the asteroids. 
Despite its early discovery and Ercquent bright 
oppositions 
it has not been well studied. Ilis is because at most oppositions the light variation 
Cchibits a very 
low amplitude (-0.04 magnitudes). Few complete light curves have been obtained and 
they arc typically relatively 
featureless. Frequently the scatter in the measurements is nearly as great 
as gle amplitude, making 
interpretation very difficult. 
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prior to this work the adopted period was listed as 13.6 hours. This was derived Erom, a low amplitude 
light curve and was no better than a rough approximation. In 1984 the writer oTganised an 
international campaign to observe 8 Flora. Five nights of data were secured over a three month period 
by Hollis at Ormada, Miles at Manley, Dumont in France and Bembrick in Australia. Despite the 
problems in period searching a best fit period of 12.790 ±0.050 hours was derived and published 
(HoWs ct al 1987). This value was adopted until the publication of other observations made in 1984 
(I)i Martino ct al 1989). These comprised observations made just before and just after those from my 
project. Each set of the Di Martino data was assembled into a separate light curve with a period of 
12.87 hours reworking my international campaign results usmg the rotating ellipsoid model indicates 
0 
that the bcst fit also occurs at a pen o 2.870 ±0.050 hours. 
The periods appear to be so close to half a day that there are problems both in data acquisition and 
=duction. Rotation pcriods dose to a sub-multiple of a day are awkward to determine as the same 
portion of the light curve is all that 
is available for several days. It can take several months to 
, wasure a complete light curve sufficiently well 
for an. unambiguous determination of the rotation 
period (see the results for 751 Faina 
later). 
The complete data set has been re-analysed in this work. The data sets cannot be combined and 
asscIribled, satisfactorily using either of the previously 
derived periods. The conclusion must be that 
both periods arc incorrect. The data sets have therefore been combined and a period search carried 
out in the range of 
25 to 26.5 hours (being approximately double the two periods). The results were 
Positive and several 
likely periods were found (see the RCS plot on Figure 8.10). The most 
satisfactory (and that with the minimum error) 
is 26.03 ±0.03 hours and corresponds to an ellipsoid 
_, oith 
a: b of 1.026: 1. -This 
implies that Flora is closer to spherical than previously thought and that the 
131ain contributions to the variation 
in the light ýurvc arc either albedo variations or possibly shadows 
frorr, topographic features. Many observers have noted a very low amplitude light curve though the 
light curves in the database show many occasions when a variation of amplitude of between 0.05-0.08 
zaaglniujde appears. 
ne rotation periodfor Rora may well be approximately twice as long as previously quoted The 
, oi&- error quoted reflects 
the low amplitude as several trial periods within the search range providc a 
singw value 
for Xý. Further observation is necessary to try and resolve the period unambiguously but 
tbC knowledge that the period could 
be substantially longer than Previously thought should assist in 
the formulation of the correct approach 
to secure the necessary data. 
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8.12 The rotation of 15 Eunon-da (Figure 8.11) 
15 Eunomia is one of the few large asteroids which have a large amplitude lightcurve. Its orbit has a 
reL. Wvely high inclination. A composite light curve was derived during March 1985 by McIlilo 
(observing from New York State) and Hollis (observing from Cheshire). Eunomia, has been 
V11cnsivCly observed for one half of its orbit and is not well observed in the other - this is because its 
apparent declination varies between +4511 and -450. There are few observatories in the Southern 
Hemisphere and the number undertaking observation of asteroids is severely limited. 
. rbe light curve has two maxima and two minima per rotatiOn- Some observations show these as at 
the saine brightness but most show a secondary maximum which is approximat ly 0.0.3 magnitudes 
fainW than the primary. 
A rotation period of 6.080 ±0.002 hours was derived, in excellent agreement with the period of 6.083 
hours given in the database- The maximum amplitude corresponds to rotation where the aspect angle 
is 90-ý. This present work gives an estimate of the ratio a: b of 1.68: 1 which does not correspond with 
th, - range of 1.40 to 1.50 given in the database (Magnusson 1989) and probably indicates that the 
value of a: b has 
been underestimated in the database. There is no strong evidence for very high values 
c)f a: b especially amongst the 
larger asteroids, with only a few possible exceptions (624 Hektor, 216 
gleopatra for example which have observed lightcurve amplitudes in excess of I magnitude implying 
a: b is greatcr than 
2.5: 1). 
is a small difference in the magnitude of adjacent maxima amounting to approximately 0.03 
, agnitudes. This can 
be accounted for by a single low albedo area on the central meridian (using the 
deflnition for this given in Section 8.3). 
, 41hedo 
markings can only reasonably be inferred where the icontrast with adjoining areas is 
relatively 
high (differing by the order of 50AOfrom the mean level). Areas which differ in albedo by 
only afew percent will not 
be detectable as they will have a small effect on the lightcurve. Theymay 
however be detectable by other means - such as polarisation measurements. 
8.13 The rotation of 44 Nysa (Figures 8.12,8.13 and 8.14) 
44 jqysa was observed at three oppositions 
in 1983 October 28 by Miles at Manley, 1988 January 8 by 
"Ies and Hollis at Manley and 1992 January 9 by Hollis at Marton Green. Ile first and last 
oppositions produced complete 
rotational light curves whilst in 1988 only about 30% of a complete 
rotationwas . 
observed due to poor weather conditions. 
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All three have been analysed using the ellipsoid model and periods of 6.432 ±0.004 hours, 6.493 ± 
0.020 hours and 6.434 ±0.030 hours have been derived for 1983,1988 and 1992 respectively. The 
vWucs do not compare precisely with the database period of 6.422 hours. In 1988 only a small part of 
the light curve was measured on a single night and the derived period illustrates the errors to be 
CXpected from limited data. The period and errors obtained at the other two oppositions are within 30 
scconds of the adopted period but illustrate the typical magnitude of errors when data from a single 
ltight alone is used for period derivation. Unfortunately measurements from different oppositions 
cannot be assembled to form a composite light curve as factors such as estimating the number of 
intcrvcning rotation cycles, and the differing light curve shapes at different oppositions provide 
insuperable difficulties. 
-rhe sbape factors derived for a: b are 1.347: 1,1.322: 1 and 1.347: 1 respectively. This suggests that the 
truc value of a: b is at the lower end of the range of 1.37: 1 to 1.58: 1 given by Iftnusson (1989). 
of. particular note is the different depths of primary and secondary minima (0.4 and 0.2 magnitudes 
rspectively) seen 
in 1992. This opposition was near the Polar longitude and hence at a near polar 
aspCCL Gehrcls observed two equal minima of amplitude 
0.2 magnitudes during the 1960s when a 
polar aspect was presented. 
Most other aspects show an amplitude of 0.4 magnitudes as is seen in the 
Other light curves. 
7he model indicates that there is a very brightpatch visible at high latitude but 
off centrefrom the rotation pole. 
8.14 The rotation of 115 Thyra (Figure 8.15) 
115 Thyra was observed at Manley in 1983 over 
4 nights in March by Miles. Hollis was assisting 
d, uing two of these. _ 
. rotation 
period of 7.797 ±D. 005 hours was derived. The current period given in the database is A 
,, 7., 241 hours which was 
derived in 1978 by Scaltriti and a composite light curve is presented in the 
Lsicroid Photometric 
Catalogue- The machine readable database observations from 1978 howem A 
- be reassembled to give the correct composite. Either there is either an error in the machine cannot 
r, eadable catalogue or else 
the data has been altered since the composite was published. The 1983 
obscrvations cannot 
be assembled to give a smooth light curve at the database period of 7.241 hours. 
complete rotation of the asteroid though the shape of the light cuwe is 
.,, Ch data set covers almost 
a 
d, ffcrcnt at each opposition 
due to a different aspect angle to the Earth. 
, n3c data sets for 
1978 and 1983 were separately searched to try and find a period common to both. A 
valuc of g. 
000 ±0.005 hours appears to be the most compatible to the two data sets. It is therefore 
acly, that the period is close to one third of a 
day. As an integral sub-multiple of a day it means that 
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a S: ijýlar_ portion of the light curve is always seen at the same time on successive days. However the 
con, posite, light curve in 1983 assembled with this period is not satisfactory and, in view of the 
apparent error in the 1978 data it seems preferable at least for the time being to assume the value of 
7.797 brS is correct. 7be 1983 measurements are plotted to both the derived periods in Figure 8.15. 
The rotation of 416 Vaticana (Figure 8.16) 
ljgjlt"Curvcs for Vaticana, were obtained in March, April and May 1989 by Miles at Manley. Hollis 
was assisting during two observing runs. It had not previously been observed photoelectrically and so 
DO I rotation period 
had been derived. 
Using the two complete light curves (March 28 and May 6) periods of 5.372 hours and 5.741 hours 
fitted the data. It was encouraging to find that incorporating the additional p jal light ,, Cs art cun 
resolved this ambiguity 
(the value of the reduced chi square for the shorter period was 5.999 and for 
the P, exiod of 5.742 
hours came to 133.385 with all the observations included confirming that this 
pe, iod is not valid). 
A period of 5.372 ±0.001 hours was derived and this has been adopted in the 
database. A shape of a: b 1.384: 1 has been deduced from the data. 
s. 16 ý- - The rotation of 751 Faina (Figure 8.17) 
75 1 fraina was observed on II nights over a three month period from 1988 October 31 to 1989 
laouary 12. From this a period of 
23.680 ±0.030 hours was derived and this period has been adoptedL 
'0ý jOWCr 
bound shape factor of a: b = 1.367: 1 was found. No previous observations by others exist in 
the database. 
The minimum value shown on the RCS fit suggests a rotation period of 24.03 hours 
UOWevCr, when plotted, the 
light curve shows irregularities which were not present on the individual 
, Observing 
runs implying that this value is not valid. 
ro! ation Period 
is relatively long and well illustrates the difficulty in assembling the light curve 
'a t1le 
period is close to one day. There is very little overlap between successive nighfs 
.... ulernents so 
that similar portions of the light curve were only measured by successive sets of dta 
and 
ýot iater in the observing series.. Changes in the form of the light curve could occur and not be 
Z, WCtedas the typical observing run of 
from 4 to 6 hours only covers a small portion of a complete 
rot, 
eature can be detected on the curve (and can be seenat the mid point of the A fine structure f 
dc5cending branch after each maximum) which 
is visible on both the primary and secondary 
feature my represent a topographic feature which can be detected when it is on the limb and 
thus bcvisible 
twice during each complete rotation cycle (when it reaches fim the preceding limb and 
eaturc and that the rotational light 
thca the 
following limb). It is also possible that this is an albedo f 
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curve is singly periodic. Polarisation or multi coIour photometry may help decide which of these 
is nost appropriate. 
The_ rotating spheroid model did not provide a good match directly and the period was derived using a 
coinb- ination of this method and FALC (see Section 8.6). Final confirmation was made by a visual 
cxanjination of 30 phase plots ccntred on the 
derived period. The quoted error is the limit beyond 
which the COmposited 
light curve ceased to be smooth. 
8.17 Comments on data acquisition and errors. 
this project, various formats for taIdng measurements have been adopted - with the constraints 
frequently imposed by the UK weather. 
I. iSbt curves have been taken over a single night, several nights close together, or scattered during the 
'cocuse, 
I of several months. A few general guidelines have emerged from experience. 
The UK weather is so unpredictable that it is preferable to secure as much coverage of 
the light curve during the first night as is practicable (a second opportunity may not 
anse). At least thirty minutes phase overlap of the initial coverage is desirable. 
Accurate period determination is difficult from a single nighes measurements alone. 
2. Short fragments (say less than I hour) will only be significant if either there is definite 
variation during the period of observation, or where an asteroid exhibits a large 
amplitude light curve so that isolated photometric measurements can be used to reject 
unrealistic periods if they fan well away from the composite light curve. 
3. Long partial coverage will allow period searching as long as three maxima or 
are obtained (so that ambiguities can be resolved). Ile derived period will be accurate 
if the form of the light curve does not change much during the course of an apparition. 
4. If the rotation period is long, or close to a sub-multiple of 24 hours, there is no short 
cut. Substantial coverage of short periods, such as 6 hours and 8 hours, can be derived 
by long observing during a single night. 12 hours and 24 hours (and to some extent 18 
hours) can only be adequately covered by collaborative efforts from several 
observatories at a range of longitudes or by observation from a single observatory over 
several months (or from space over the course of a single rotationl). 
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The error of the individual data points is typically ±D. 02 magnitudes and this has been demonstrated 
over many night's observation. However there are several factors which can introduce systematic 
Cffor -s. The most significant of these is variable sky extinction. During the course of a night there is 
frequently a steady drift in atmospheric transparency. This win not show in the individual pairs of 
measurements forming each data point but may mean that data points taken over the course of a night 
njay include an error due to this variation. Observations made over a series of nights could also 
include an error due to variations in atmospheric absorption due to airborne dust aerosols as well as 
water vapour. Scatter (random variations) on any given night is likely to arise due to unsteadiness in 
the aunosphcre. The more turbulence is present the greater the stellar scintillation and image walk. 
-rbe internal consistency of each night's measurements is usually good provided that the effects of 
variable transparency are taken into account. When measurements are made over several nights the 
internal consistency is poor. This effcct is well illustrated by the two light curves of 7 Iris. The effect 
of these errors is much greater where the amplitude of the light curve is low and may well account for 
tihe, poor constraints on the rotation period of 8 Flora. 
-MC data presented in this Chapter is unsmoothed and represents two ten second integrations for each 
data point. Smoothing of the data is not reasonable where fine detail may be present as it will be 
rcmovcdL However a lower mean error can be achieved if each data point is produced from four ten 
C .; ccand 
integrations. This reduces the number of data points by one half, the mean error is reduced by 
a f3dor of 1/42. 
Though this exercise has not been carried out in this work smoother light curves 
could be produced 
in this manner. In general this technique suggests that the smoothness of the light 
curve can be increased when the number of photoclcctrons detected for each data point is increased -a 
conclusion reached 
in the theoretical analysis of the photometer pcrformance in the previous Chapter. 
8.18 Conclusion 
lb Ic calculations presented at the start of the Chapter show that Comet Malley appears to be in a 
Statc of frcc-proccssion with a2dal rotation and precession occurring about the principal axis. 1220 
Crocus is confirmed to be in a state of forced precession (the geometry being incompatible with a state 
of frcc precession). 
This seems to indicate a binary nature for the 1220 Crocus system. 
ne new light curves presented here show no evidence ofcompler rotation since all the observed 
feaures, on the light curves can be explained in terms ofalbedo markings. Ile rotating cllip 
. 
soid 
, aOdCl gives a valid method 
for estimating the rotation period and lower bound of the shape, however 
its use has limitations ff there is significant fine structure in the light curve (as for example in the case- 
of 751 Faina) as it 
is not feasible to fit these to a multiple spot model.. 
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Inijivl-dually the data presented in this work suggest several modifications and additions to the current 
databasc- 
8 Fl()ra has not been well modelled in the past due to the low amplitude of its light curvewhich is also 
relatively featureless. Its rotation period may well be approximately twice as long as previously 
t, um. Ight and pan of the light variation due to other factors than shape. 
The calculations carried out here showed a derived shape for 4 Vesta with a. b of 1.0 18-, 1. 'Me light 
Va6ation was modelled as probably 
due to two dark albedo features. This conclusion is in agreement 
with the photographic record of a rotation of 4 
Vesta secured from the Space Telescope and published 
after these calculations were made (but 
before the work was submitted). 
-MC adopted period of 115 Thyra is incorrect. "Me best fit for the light curve in this work is 7.797 
hours., Though both data sets can be reconciled to a period of 8.000 hours the composite light curve 
dcocs riot appear smooth and so this suggested period is probably incorrect. 
nere 
_appears 
to be no direct evidence in this data (or the light curve database) offireelyprecessing 
I ids. There is thus no direct evidencefor recent collisions amongst those asteroids whose light 
, astero 
curve has 
been measured This is perhaps not surprising as the damping timesfor the larger 
. eroids 
are relatively short (as considered in chapter 1). 
'as, 
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Extensions of the Cuffent Work 
This current work has highlighted several fundamental questions which are worthy of more detailed 
stud3r- '--- 
9.1 Asteroid Classification 
Bmucci Ct al (1988) have used the same data set as used in Chapter 3 of this work (the 8-colour 
photometry of 
Tedesco et al. 1986). Their intention was to extend and refine the currently accepted 
classification scheme. 
In this work the conclusions arc that the current scheme has shortcomings. 
Son -c quitc dissimilar bodies arc grouped together whilst similar bodies are separated into different 
classes. It is apparent that classification schemes can 
be constructed from published dala which differ 
froul., and perhaps improve on, that currently accepted. The introduction of Artificial Neural 
Networks (HoweR et al 1994) to help in classification has given the potential to establish a system that 
win elf modify as additional 
data becomes available. 
ýýd now. seem appropriate to investigate the strengths and shortcomings of asteroid 
cWsi&:, ations making use of all 
the published data by numerical methods. Whilst this would 
undo, obtedly confirm 
that the classification of the majority of the asteroids is correct however it would 
cawinly also adjust 
the scheme. In particular this work confirms the work of Gaffey et al (1993) that' 
CVCt1 vý, itliout additional 
data, the S group asteroids. can be subdivided, and that these subdivisions are 
roorc pronounced 
than those already in use for the lower albedo C, G, F classes. 
9.2. Photoelectric Photometry 
In work it has 
been found that dehumidifying photomultipliers produces striking reductions in the 
dI ark current. 
The reduction is a factor of the order of 80 to 100 times. A valuable project would be 
an Wvcstigation 
into the relative and combined ýcncfits of drying and dry ice cooling on the dark 
V, Oisc of a photomultiplicr. 
This research should be applied to both pulse counting and analogue (dc) 
systcms. 
lie indications of this work is that drying with silica gel produces major improvements in 
t,,, pedormancc of 
Sb-Cs side-window tubes in analogue mode. 
- 10,0rdCr to gain a complete understanding, 
the cffect of increasing the relative humidity of the air 
thc, tube should also be studied. 
he C of robotic telescopes tracking using 
CCI)s and the Guide Star Catalogue could potentially 
T uc 
allovv the acquisition 
of light curve data for many asteroids during the course of a single night and 
potentially several 
thousand light curves during the course of a single season. This could provide data 
012 a InOre , 
systematic basis than the relatively unstructured approach currently being undertaken 
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9-3 -. Synthesis and Inversion of Light Curves 
711 
To date the majority of efforts have involved modelling asteroids as regular ellipsoids. Several 
bave indicated that they arc modelling asteroids in terms of aIbedo variations across the 
else large scale topographic features. However there arc no landmark papers in the 
Duran tre, to date. The difficulty of this was identified by Russell in 1903. 
large amount of imagery of irregular bodies that now exists it would be valuable to use 
k. own sbaPe to synthcsise 
lightcurves and compare these with the results of observation. The 
Ang 
should not only include the topography but also p" effects introduced by various surface 
One area for fiirthcr investigation would be the effect that errors in the observations would 
!I 
I ýýLjLce into the models. 
1`9.4 Evolution of Asteroids and the Asteroid Belt 
using the basic ideas outlined in this work and the di ibution of planetesimals infe from in IS SM ffcd ode 
of thc Solar 
Nebula it would be possible to model the accretion phase of the evolution of asteroids. 
. n2c dy-namics and composition could 
be modelled and the internal processcs includcd in the 
cvoligionary study. 
It should prove feasible to incorporate fragmentation processes to identify the 
posýle structures 
of the current asteroid belt and its scrisitivity to various conditions - cg initial 
composition, gravitational 
interactions between asteroids, gravitational stirring from proto-Jupitcr. 
9.5 
Observation 
Earlier in this chapter the potential for obtaining data using robotic telescopes was mentioned. 
This 
would significantly enhance 
the amount of data available for analysis. In particular a continuing 
Programme; of observation of small asteroids, 
to determine spin frequency and spin axis orientation 
Will be necessary 
for some years to come as a m6iins of refining the statistics. One area of study that 
bas lot been fully investigated for more than a small number of asteroids requires 
intensive 
cbseýadon 
during several oppositions. This will allow phase effects to be studied for various solar 
,, P. Ccts_and will 
lead to determination of the photometric homogeneity of the surface besides accurate 
determination of the synodic rotation period and spin axis orientation. To date, the most precisely 
ained spin parameter for any asteroid is less accurately known than was the case for Mars in 
1900 'a tiine when data was taken 
from drawings and photographs: precision photometry was still 
, 00c 
decades from systematic use in astronomy. 
rom. observation should 13Y C21jension, a study of the methods of 
deriving the physical characteristics E 
ective methods and whether the results are 
also be CxaniU0d 
to confirm whether they arc the most efE 
safg; facto'Y- 
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I'hc relatively small number of research projects being carried out world-wide, by a comparatively 
Sniall number of observers and theoreticians, means it is especially important to plan and, if possible, 
coý-ordinate the work The IAU does not have any such plan at present though Dr Alan Harris at JPL 
and his colleagues maintain a database of observations for the IAU and provide advice on favourable 
c)bscrving projects. Organisations, such as the Asteroids and Remote Planets Section of the British 
A, stronomical Association, mount specific projects - such as that for 8 Flora described in Chapter 8- 
which can provide valuable data. 
, Ibc digitised set of lightcurve data for all published lightcurves derived photoelectrically is now 
available in PC compatible form. Detailed analysis of this data set both for individual asteroids and 
also for classes of asteroids should allow refinement of both analytical methods and physical 
cbamctcristics. The data from 44 Nysa obtained in the early 1980s have been composited. and utilised 
to derive its basic parameters, however this is only feasible if the light curve is regular. The problems 
With attempting this for other asteroids with ill defined light curves is shown in the case of 8 Flora 
vvhcre three separate light curves for observations in 1984 do not composite well. 
Tbc Hubble Space Telescope has been used to image a complete rotation cycle of 4 Vesta. It would be 
a great assistance to asteroid research if this could be extended to other asteroids. one specific topic 
would be to image 8 Flora as this could serve to resolve its rotation period and variegation. 
Further photometry of 115 Thyra is necessary to confirm the rotation period derived in this work 
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